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CONSERVATIVE SURFACE HOMEOMORPHISMS WITH
FINITELY MANY PERIODIC POINTS
PATRICE LE CALVEZ
Abstract. The goal of the article is to characterize the conservative
homeomorphisms of a closed orientable surface S of genus ≥ 2, that
have finitely many periodic points. By conservative, we mean a map
with no wandering point. As a particular case, when S is furnished with
a symplectic form, we characterize the symplectic diffeomorphisms of S
with finitely many periodic points.
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1. Introduction
Let S be a closed surface furnished with an area form ω and its associated
Borel measure λω. What are the simplest examples of diffeomorphisms that
preserve ω (or homeomorphisms that preserve λω) and that have finitely
many periodic points? If S is the 2-sphere, the irrational rotations provide
a natural family of examples. For every α ∈ T = R/Z, denote Rα : Ĉ→ Ĉ,
the extension of the rotation z 7→ e2ipiα˜z to the Riemann sphere, where
α˜+Z = α. An irrational rotation is a map conjugate to Rα, where α 6∈ Q/Z.
In the case where S is the 2-torus T2 = R2/Z2 and ω = dx ∧ dy, there are
two natural families of ω-preserving diffeomorphisms with no periodic points:
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the irrational rotations
Rβ,γ : (x, y) 7→ (x+ β, y + γ), (β, γ) 6∈ Q
2/Z2,
and the skew products over an irrational rotation of the circle
Sδ,k : (x, y) 7→ (x+ ky, y + δ), δ 6∈ Q/Z, k ∈ Z \ {0}.
In the case where the genus of S is larger than 1, examples can be con-
structed, conjugate to the time one map of the flow of a minimal direction
for a translation surface, giving birth to a much wider family of “classical
examples”. Recall that such flows admit a one dimensional section, with a
return map that is an interval exchange transformation.
One can modify some of the previous examples to enlarge our class of
conservative maps with finitely many periodic points. The rotation Rβ,γ is
the time one map of the flow induced by the constant vector field Xβ˜,γ˜ :
(x, y) 7→ (β˜, γ˜), where β = β˜ + Z and γ = γ˜ + Z. Suppose that β˜ and γ˜ are
rationally independent and let ψ : T2 → [0,+∞) be a continuous function
with finitely many zeros. The time one map of the flow induced by the
vector field ψXβ˜,γ˜ has no periodic point except the zeros of ψ. Moreover, it
preserves the measure ψ−1λω. This measure being finite if the function ψ
−1
is integrable, one can construct in that way a homeomorphism of the 2-torus,
preserving a finite measure equivalent to the Lebesgue measure λω, having
an arbitrarily large number of fixed points and no other periodic point.
There is a well known alternative way to construct a smooth example: in a
neighborhoodW of a given point, choose a symplectic system of coordinates
(u, v), vanishing at this point, such that the vector field can be written
∂/∂u and is associated to the Hamiltonian function v. One can replace this
function with a new Hamiltonian function having a unique singular point,
being equal to v(u2+v2) in a neighborhood of (0, 0), giving birth to a foliation
(with a singular leaf) such that every new leaf intersects the boundary of
W in a pair of points belonging to an old leaf. A similar construction can
be done on a surface of genus ≥ 2 for a ω-preserving vector field to obtain
a smooth symplectic map with an arbitrarily large number of fixed points
and no other periodic point. Note that the map f obtained in that way is
isotopic to the identity relative to its fixed point set. Consider now a finite
cyclic covering Sˆ of S. There is a unique lift fˆ of f to Sˆ that is isotopic to
the identity. For every covering automorphism T , the map T ◦ fˆ preserves
the lifted form ωˆ and has finitely many periodic points, all of them with the
same period.
Beyond the previous examples, one can find symplectic maps having
finitely many periodic points, with a much richer dynamics. The approx-
imation method by conjugation, introduced by Anosov-Katok, permits to
construct smooth symplectic diffeomorphisms on the 2-sphere with exactly
two fixed points z0, z1 and no other periodic point, such that λω is ergodic
(see [AK]). In these examples, there exists an irrational number α˜ (in fact a
Liouville number) such that every point of S\{z0, z1} “turns” in the annulus
S \ {z0, z1} with an angular speed equal to 2piα˜. In fact, for every Liouville
number, one can make the construction in such a way that λω is weakly
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mixing (see [FS]). Examples of symplectic maps having finitely many peri-
odic points, with a rich dynamics can also be constructed in the 2-torus (see
[WZ] for instance).
The main issue of this article is to understand to what extent the ex-
amples given above describe all symplectic diffeomorphisms of surfaces that
have finitely many periodic points. We will see that they permit to get a
classification: every symplectic diffeomorphism with finitely many periodic
points is naturally associated to one of the examples above. Moreover, this
classification is valid for a wider set: the set of homeomorphisms with no
wandering point (that we will call non wandering homeomorphisms) Further-
more we will see that non wandering homeomorphisms with infinite many
periodic points can be divided into maps of finite order and maps with pe-
riodic points of arbitrarily large period. Before stating the precise results,
recall that a non empty open set U ⊂ S is wandering if U ∩ f−n(U) = ∅
for every n ≥ 1 and that points of U are wandering points. So, f is non
wandering if, for every non empty open set U ⊂ S, there exists n ≥ 1 such
that U ∩ f−n(U) 6= ∅. By Poincare´’s Recurrence Theorem, every symplectic
diffeomorphism, or more generally every λω-preserving homeomorphism, is
non wandering.
1.1. The case of the sphere. Denote pi : (r, θ) 7→ re2ipiθ the covering
projection defined on the universal covering space (0,+∞) × R of C \ {0}.
An irrational pseudo-rotation of C of rotation number α ∈ T \ Q/Z is a
non wandering homeomorphism f of C that fixes 0 and that satisfies the
following property:
if f˜ is a lift of f |C\{0} to (0,+∞) × R, there exists α˜ ∈ R satisfying
α˜ + Z = α such that for every compact set Ξ ⊂ C \ {0}, and every ε > 0,
there exists N ≥ 1 such that
(Pα˜) : n ≥ N and z˜ ∈ pi
−1(Ξ)∩f˜−n(pi−1(Ξ))⇒
∣∣∣∣∣p1(f˜
n(z˜))− p1(z˜)
n
− α˜
∣∣∣∣∣ ≤ ε,
where p1 : (θ, r) 7→ θ is the projection on the first factor.
1 By extension,
every homeomorphism of a 2-sphere that is conjugate to the extension of f
to Cˆ would be called an irrational pseudo-rotation of rotation number α.
The following result gives a very precise description of non wandering
homeomorphisms of the 2-sphere with finitely many periodic points.
Theorem 1.1. Let f be an orientation preserving and non wandering home-
omorphism of the 2-sphere. Then exactly one of the following assertions
holds:
(1) The map f has periodic points of period arbitrarily large.
(2) There exists α ∈ Q/Z such that f is conjugate to Rα.
(3) There exists α ∈ T\Q/Z such that f is an irrational pseudo-rotation
of rotation number α.
1Requiring the whole set Ξ = C \ {0} to satisfy (Pα˜) would be too strong, and in
opposition to this weaker definition, would define a property that is not invariant by
conjugacy in the group of orientation preserving homeomorphisms of C that fix 0.
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Theorem 1.1 is well known. Let us briefly explain why it is true. It is
known (see Franks [F4]) that an area preserving homeomorphism of the 2-
sphere that has at least three fixed points has infinitely many periodic points
(with periods arbitrarily large if the map has infinite order). Moreover,
this result is also true for non wandering homeomorphisms (see [Lec2]).
So, if f is an orientation preserving and non wandering homeomorphism of
the 2-sphere and if neither (1) nor (2) holds, then f has no periodic point
but two fixed points. To get (3) it remains to study the non wandering
homeomorphisms of the annulus T×R that are isotopic to the identity (this
means that the orientation is preserved and the ends are fixed) and that
have no periodic point. Assertion (3) is related to the Poincare´-Birkhoff
Theorem and its many generalizations, its meaning is that there is a unique
rotation number (for whatever reasonable definition) and moreover that it
cannot be rational (see [F1], [Lec1]).
1.2. The case of the torus. A classification of the area preserving homeo-
morphisms of T2 with finitely many periodic points has been done by Addas-
Zanata and Tal [AT]. This classification is still valid for non wandering
homeomorphisms. We will state the result here but will give the definitions
appearing in the statement in the last section of this article (rotation set,
vertical rotation set, automorphism of T2). We will give the proof in the
same section. The proof is nothing but the original proof of [AT] except
at one point where a later result of Addas-Zanata, Garcia and Tal [AGT]
is needed to replace the area preserving condition with the non wandering
condition.
Theorem 1.2. Let f be an orientation preserving and non wandering home-
omorphism of T2. Then exactly one of the following assertions holds:
(1) The map f has periodic points of period arbitrarily large.
(2) There exist g ∈ Aut(T2), k ∈ Z\{0} and δ 6∈ Q/Z such that g◦f ◦g−1
is isotopic to S0,k, with a vertical rotation set reduced to δ. In this
case f has no periodic point.
(3) The map f is isotopic to the identity and its rotation set (for every
lift) is a point or a segment that does not meet Q2/Z2. In this case
f has no periodic point.
(4) There exists an integer q ≥ 1 such that:
• the periodic points of f q are fixed;
• the fixed point set of f q is non empty and f q is isotopic to the
identity relative to it;
• the rotation set of the lift of f q that has fixed points is reduced
to 0 or is a segment with irrational slope that has zero as an
end point.2
1.3. The case of high genus. Let us state the main result of the article
that gives a characterization of non wandering homeomorphisms of a surface
of genus ≥ 2 that have finitely many periodic points:
2This last case contains the case where f has finite order
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Theorem 1.3. Let S be an orientable closed surface of genus g ≥ 2 and f
an orientation preserving and non wandering homeomorphism of S. Then
the following alternative holds:
(1) The map f has periodic points of period arbitrarily large.
(2) There exists an integer q ≥ 1 such that:
• the periodic points of f q are fixed;
• the fixed point set of f q is non empty and f q is isotopic to the
identity relative to it . 3
Remark. Suppose that S is furnished with a symplectic form ω and that f
preserves λω. If f satisfies (2) and if f
q is not the identity, then the rotation
vector of λω (for f
q) is a non zero element of H1(S,R) (in other words f
q
is not Hamiltonian). This is a particular case of the Conley Conjecture (see
[FH] or [Lec2]). The examples we must have in mind are the ones given at
the beginning of the introduction where a section exists.
Let us explain the structure of the proof of Theorem 1.3.
Definition. Let S be an orientable closed surface of genus ≥ 2. A Dehn twist
map of S is an orientation preserving homeomorphism h of S that satisfies
the following properties:
• there exists a non empty finite family (Ai)i∈I of pairwise disjoint
invariant essential closed annuli (meaning sets homeomorphic to T×
[0, 1] with boundary loops non homotopic to zero in S);
• no connected component of S \ ∪i∈IAi is an annulus (meaning a set
homeomorphic to T× (0, 1));
• h fixes every point of S \ ∪i∈IAi;
• for every i ∈ I, there exists ri ∈ Z \ {0} such that h|Ai is conjugate
to τ ri , where τ is the homeomorphism of T × [0, 1] that is lifted to
the universal covering space R× [0, 1] by τ˜ : (x, y) 7→ (x+ y, y).
The annuli Ai will be called the twisted annuli and ri the twist coefficients.
The Nielsen-Thurston Decomposition Theorem (see [CB], [FLP] or [T])
tells us the following: if f is an orientation preserving homeomorphism of S,
then there exists a finite family (Ai)i∈I of pairwise disjoint essential closed
annuli and a homeomorphism f∗ isotopic to f such that:
• no connected component of S \ ∪i∈IAi is an annulus;
• the family (Ai)i∈I is invariant by f∗;
• for every connected component W of S \ ∪i∈IAi, there exists q such
that f∗
q(W ) = W and f∗
q
|W is isotopic to a map of finite order or
to a pseudo-Anosov map;
• for every i ∈ I, there exists qi such that f∗
qi(Ai) = Ai and ki ∈ Z
such that f∗
qi
|Ai is conjugate to τ
ki .
In particular, the following classification holds for an orientation preserv-
ing homeomorphism f of S:
• there exists at least one component of pseudo-Anosov type in the
Nielsen-Thurston classification;
• there exists q ≥ 1 such that f q is isotopic to a Dehn twist map;
3Here again the second case contains the case where f has finite order
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• there exists q ≥ 1 such that f q is isotopic to the identity.
It is well known and folklore that if there exists a component of pseudo-
Anosov type, then f has infinitely periodic points of arbitrarily large period
(see [FLP] or [Ha]). As we will see in the next section, it is easy to prove
that a power of a non wandering map is still non wandering. So, Theorem
1.3 can be deduced from the two following results:
Proposition 1.4. Let S be an orientable closed surface of genus g ≥ 2 and
f a non wandering homeomorphism of S. If f is isotopic to a Dehn twist
map, then it has periodic points of period arbitrarily large.
Proposition 1.5. Let S be an orientable closed surface of genus g ≥ 2 and
f a non wandering homeomorphism of S. If f is isotopic to the identity,
then f has fixed points and
• either f has periodic points of period arbitrarily large;
• or every periodic point of f is fixed and f is isotopic to the identity
relative to its fixed point set.
1.4. Plan of the article. Proposition 1.4 is a kind of Poincare´-Birkhoff
Theorem in surfaces of high genus. Its proof will be given in Section 3.
Proposition 1.5 tells us that, roughly speaking, a non wandering homeomor-
phism with finitely many periodic points is “modelized” by the time one
map of the flow of a minimal direction for a translation surface, after adding
stopping points and lifting to a cyclic finite covering. Its proof will be given
in Section 4. The proof of Theorem 1.2 will be given in Section 5. A cer-
tain number of definitions and preliminary results will be given in Section
2, most of the results being well known. However we will state two “new
technical results” in this section, a fixed point theorem and a forcing result,
which are inspired by common works with Fabio Tal ([LT1] and [LT2]).
Section 3 and Section 4 are the more technical parts of the article. Sur-
prisingly, the proofs of Proposition 1.4 and 1.5 are very similar. Let us give
more details about the proof of Proposition 1.4. In a recent work with Mart´ın
Sambarino [LS], we have proved that a generic symplectic diffeomorphism of
a surface of genus ≥ 2, for the Ck-topology, k ≥ 1, has transverse homoclinic
intersections. A crucial argument is to prove that a generic symplectic dif-
feomorphism of a surface of genus ≥ 2 has more than 2g−2 periodic points.
The case of diffeomorphisms isotopic to a Dehn twist is studied in a long
section of the article. We note that such a diffeomorphism f has a lift fˆ to a
certain annular covering space Sˆ that satisfies a “twist condition” and so, if
f has finitely many periodic points, then fˆ cannot satisfy the “intersection
property”: there exists an essential simple loop λˆ ⊂ Sˆ that is disjoint from
its image by fˆ . Lifting fˆ to a diffeomorphism f˜ of the universal covering
space S˜, looking at the action of the dynamics of f˜ on the set of lifts of λˆ
and using the properties of the stable and unstable manifolds of the fixed
saddle points (there exists at least 2g − 2 such points) we succeed to prove
that homoclinic intersections exist. What is done in the present article is to
show that the existence of infinitely many periodic points can be obtained
without using the saddle points. Looking at the dynamics of f˜ on the set
of lifts of λˆ is sufficient if we use the fixed point theorem and the forcing
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result stated in Section 2. In particular the proof is valid for area preserving
homeomorphisms, or more generally for non wandering homeomorphisms.
To conclude this introduction, let us state some other known results about
the dynamics of a non wandering homeomorphism f with finitely many
periodic points on a surface S of genus ≥ 2. Theorem 1.3 tells us that it
is sufficient to look at the case where f is isotopic to the identity relative
to its fixed point set and has no other periodic point. A result of Lellouch
[Lel] says that if µ1 and µ2 are two invariant Borel probability measures,
then the rotation vectors of µ1 and µ2 do not intersect (for the canonical
intersection form ∧ on H1(S,R)). Another result, that can be found in [LS],
is the existence, in the case where f has finitely many fixed points, of a
section in the following sense: there exists a simple oriented loop λ ⊂ S non
homologous to zero, such that if Sˇ is the infinite cyclic covering space of S
associated to λ and fˇ the natural lift of f to Sˇ, then for every loop λˇ ⊂ Sˆ
that lifts λ, the points that are on λˇ and not fixed by fˇ are sent by fˇ on
the left of λˇ and by fˇ−1 on its right. It would be a natural challenge to look
for further dynamical properties of these maps (what looks like the rotation
set? does there always exist a section if f is not the identity?)
2. Definitions, notations and preliminaries
2.1. Loops and paths. Let S be an orientable connected surface (not nec-
essarily closed, not necessarily boundaryless). A loop of S is a continuous
map γ : T→ S. It will be called essential if it is not homotopic to a constant
loop. A path of S is a continuous map γ : I → S where I ⊂ R is an interval.
A loop or a path will be called simple if it is injective. A segment is a simple
path σ : [a, b] → X, where a < b. The points σ(a) and σ(b) are the ends of
σ and the set σ((a, b)) its interior. We will say that σ joins σ(a) to σ(b).
More generally if A and B are disjoints, we will say that σ joins A to B, if
σ(a) ∈ A and σ(b) ∈ B. A line is a proper simple path λ : R → S, a half
line a proper simple path λ : I → S, where I = [a,+∞) or I = (−∞, a]. In
that case, γ(a) is its end. As it is usually done we will use the same name
and the same notation to refer to the image of a loop or a path γ.
Note that a simple loop or a simple path is naturally oriented. If γ
is a simple loop that separates S (meaning that its complement has two
connected components) the one that is located on the right of γ will be
denoted R(γ) and the other one L(γ). We will use the same notation for a
line that separates S, in particular for a line of R2.
Let f be an orientation preserving homeomorphism of R2. A Brouwer
line of f is a line λ ⊂ R2 such that f(λ) ⊂ L(λ) and f−1(λ) ⊂ R(λ).
Equivalently it means that f(L(λ)) ⊂ L(λ) or that f−1(R(λ)) ⊂ R(λ).
2.2. Homeomorphisms of hyperbolic surfaces. Let S be a connected
closed orientable surface of genus g ≥ 2. Furnishing S with a Riemannian
metric of constant negative curvature, one can suppose that the universal
covering space of S is the disk D = {z ∈ C | |z| < 1} and that the group
of covering transformations, denoted G, is composed of Mo˝bius automor-
phisms of D. Every element T ∈ G is hyperbolic: it can be extended to a
homeomorphism of D = {z ∈ C | |z| ≤ 1} having two fixed points, both on
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the boundary: a repelling fixed point α(T ) and an attracting fixed point
ω(T ). For every z ∈ D \ {α(T ), ω(T )}, it holds that
lim
k→−∞
T k(z) = α(T ), lim
k→+∞
T k(z) = ω(T ).
We define a T -line to be a line of D invariant by T and oriented in such a
way that it can be extended to a segment of D that joins α(T ) to ω(T ).
It is well known that a homeomorphism f˜ of D that lifts a homeomorphism
f of S can be extended to a homeomorphism of D = {z ∈ C | |z| ≤ 1}. If [f˜ ]
is the automorphism of G defined by the relation:
f˜(T (z)) = [f˜ ](T )(f˜(z)), for all z ∈ D,
then the extension of f˜ satisfies
f˜(α(T )) = α([f˜ ](T )) and f˜(ω(T )) = ω([f˜ ](T )) for all T ∈ G.
If h is a homeomorphism of S that is isotopic to f , then every isotopy from
f to h can be lifted to an isotopy from f˜ to a certain lift h˜ of h. The lift h˜
does not depend on the initial isotopy and has the same extension as f˜ on
the boundary circle, because the automorphisms [f˜ ] and [h˜] coincide. For
conveniency, we will write S˜ for the universal covering space of S and ∂S˜
for its boundary defined via the identification of S˜ with D. We will write
S˜=S˜ ∪ ∂(S˜).
2.3. Non wandering homeomorphisms. Let us recall some very classical
easy results that we will use in the article. Recall that if f is a homeomor-
phism of a surface S, a point z ∈ S is recurrent if there exists a subsequence
of (fn(z))n≥0 that converges to z.
Lemma 2.1. Let f be a non wandering homeomorphism of a surface S.
For every non empty open set U and every q ≥ 1, there exists an increasing
sequence (ni)0≤i≤q in N, satisfying n0 = 0, such that
⋂
0≤i≤q f
−ni(U) 6= ∅.
Proof. Let us prove the lemma by induction. By definition of a non wander-
ing homeomorphism, the lemma is true for q = 1. Suppose that the lemma
is true for every q′ < q, where q ≥ 2. Let U ⊂ S be a non empty open set.
There exists an increasing sequence (ni)0≤i<q in N, satisfying n0 = 0, such
that
⋂
0≤i<q f
−ni(U) 6= ∅. As V =
⋂
0≤i<q f
−ni(U) is open and non empty,
there exists n > 0 such that V ∩ f−n(V ) 6= ∅. In particular, it holds that⋂
0≤i<q f
−ni(U) 6= ∅, where nq = nq−1 + n. So, the lemma is true for q. 
Proposition 2.2. Let f be a non wandering homeomorphism of a surface
S. Then:
(1) every power fk, k ∈ Z, is non wandering;
(2) if Sˆ is a finite covering of S, every lift of f to Sˆ is non wandering;
(3) the set of recurrent points is a dense Gδ set.
Proof. By definition, f is non wandering if and only f−1 is non wandering.
Moreover the identity is non wandering. So, to prove (1) it is sufficient to
prove it for k ≥ 2. Let U ⊂ S be a non empty open set. By Lemma 2.1, there
exists an increasing sequence (ni)0≤i≤k in N, satisfying n0 = 0, such that⋂
0≤i≤k f
−ni(U) 6= ∅. There exists i0 < i1 such that ni1 − ni0 ∈ kZ. Write
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ni1 − ni0 = nk, where n > 0. It holds that U ∩ f
−nk(U) = fni0 (f−ni0 (U) ∩
f−ni1 (U)) 6= ∅. So U is a non wandering open set of fk.
Let us prove (2). Suppose that Sˆ is a r-cover of S and denote pˆi : Sˆ → S
the covering projection. To prove that fˆ is non wandering, it is sufficient to
prove that if U ⊂ S is an open disk such that pˆi−1(U) =
⊔
1≤j≤r Uˆj , where
each Uˆj is mapped homeomorphically onto U by pˆi, then every Uˆj is non
wandering. By Lemma 2.1, there exists an increasing sequence (ni)0≤i≤r!
in N, satisfying n0 = 0, such that
⋂
0≤i≤r! f
−ni(U) 6= ∅. Let us choose z ∈⋂
0≤i≤r! f
−ni(U) and denote zˆj the preimage of z belonging to Uˆj . For every
i ∈ {0, . . . , r!} denote σi ∈ Sr the permutation such that fˆ
ni(zˆj) ∈ Uˆσi(j).
There exists i0 < i1 such that σi0 = σi1 . Setting ni1 − ni0 = n > 0, one
deduces that Uˆj ∩ fˆ
−n(Uˆj) 6= ∅, for every j ∈ {1, . . . , r}.
To prove (3) furnish S with a distance d. If m ≥ 1 and q ≥ 1, define
Om,q = {x ∈ S, ∃n ≥ q, d(f
n(x), x) <
1
m
}.
Applying Lemma 2.1 to a ball B(z, ε), ε < 1/2m, and to q, we obtain that
Om,q∩B(z, ε) 6= ∅. So Om,q is a dense open set. Noting that
⋂
n≥1,q≥1Om,q is
the set of recurrent points and that S is a Baire space, we can conclude. 
We will often use the following result:
Proposition 2.3. Let f be a non wandering homeomorphism of a surface S
and fˆ a lift of f to a covering space Sˆ. If Uˆ is a non empty wandering open
set of fˆ , then
⋃
n≥0 fˆ
n(Uˆ) and
⋃
n≥0 fˆ
−n(Uˆ) are not relatively compact.
Proof. Of course it is sufficient to prove that
⋃
n≥0 fˆ
n(Uˆ) is not relatively
compact. We will argue by contradiction and suppose that
⋃
n≥0 fˆ
n(Uˆ)
is relatively compact. The frontier fr
(⋃
n≥0 fˆ
n(Uˆ)
)
of
⋃
n≥0 fˆ
n(Uˆ) is a
compact set with empty interior. The covering map pˆi : Sˆ → S being
continuous, pˆi
(
fr
(⋃
n≥0 fˆ
n(Uˆ)
))
is compact. The map pˆi being a local
homeomorphism, pˆi
(
fr
(⋃
n≥0 fˆ
n(Uˆ )
))
has empty interior. Indeed, one can
cover fr
(⋃
n≥0 fˆ
n(Uˆ )
)
with finitely many open sets that are sent homeo-
morphically by pˆi on their image. The map pˆi, being continuous and open,
pˆi−1
(
pˆi
(
fr
(⋃
n≥0 fˆ
n(Uˆ )
)))
is a closed set of Sˆ with empty interior. De-
note rec(f) the set of recurrent points of f , which is a dense Gδ set. The
map pˆi being continuous and open, pˆi−1(S \ rec(f)) is a Fσ set with empty
interior. The contradiction comes from the fact that Uˆ is contained in the
union of pˆi−1
(
pˆi
(
fr
(⋃
n≥0 fˆ
n(Uˆ )
)))
and pˆi−1(S \ rec(f)). Indeed, suppose
that the image by pˆi of zˆ ∈ U is recurrent. The closure of
⋃
n≥0 fˆ
n(Uˆ ) con-
tains finitely many preimages of pˆi(zˆ). At least one of them belongs to ω(zˆ),
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meaning that it is a limit of a subsequence of (fˆn(zˆ))n≥0. It cannot belong
to
⋃
n≥0 fˆ
n(Uˆ ) because Uˆ is wandering and so is on the frontier. 4

Remark. In case f preserves a totally supported finite measure µ, the results
above are obvious. Indeed, in Proposition 2.2, the maps fk preserve µ and fˆ
preserves the lift of µ that is a totally supported finite measure. Moreover, as
a consequence of Poincare´’s Recurrence Theorem, it is known that almost
every point is recurrent, and so the set of recurrent points is dense. In
Proposition 2.3, fˆ preserves a totally supported locally finite measure.
2.4. Poincare´-Birkhoff Theorem. We suppose in this subsection that I
is a non trivial interval of R. We define the annuli A = T × I and int(A),
where int(A) is obtained from A by taking out the possible boundary circles.
Writing A˜ = R × I for the universal covering space of A, we define the
covering projection pi : A˜ → A, (x, y) 7→ (x + Z, y) and the generating
covering automorphism T : A˜→ A˜, (x, y) 7→ (x+ 1, y) .
Let f be a homeomorphism of A isotopic to the identity (meaning ori-
entation preserving and fixing the possible ends or boundary circles) and
f˜ a lift of f to A˜. Let us recall the definition of the rotation number of a
compactly supported Borel probability measure µ invariant by f . Denote
p1 : A˜→ R the projection on the first factor. The maps f˜ and T commute,
so p1 ◦ f˜ − p1 lifts a continuous function ψf˜ : A→ R. The rotation number
rotf˜ (µ) =
∫
A
ψf˜ dµ ∈ R measures the mean horizontal displacement of f˜ .
If z is a periodic point of f of period q and if z˜ is a lift of z in A˜, then there
exists an integer p, independent of the choice of z˜, such that f˜ q(z˜) = T p(z˜).
We will say that p/q is the rotation number of z for the lift f˜ , it coincides
with the rotation vector of the equidistributed measure supported on the
orbit of z.
We will use many times the following extension of the classical Poincare´-
Birkhoff Theorem (see [Lec1]):
Theorem 2.4. Let f be a homeomorphism of A isotopic to the identity
and f˜ a lift of f to A˜. We suppose that there exist two invariant er-
godic compactly supported Borel probability measures µ1 and µ2, such that
rotf˜ (µ1) < rotf˜ (µ2). Then:
• either, for every rational number p/q ∈ (rotf˜ (µ1), rotf˜ (µ2)), written
in an irreducible way, there exists a periodic point z of f of period q
and rotation number p/q for f˜ ;
• or there exists an essential simple loop λ ∈ int(A) such that f(λ) ∩
λ = ∅.
2.5. A fixed point theorem for a planar homeomorphism. In this
sub-section, we will give a criterion of existence of a fixed point for a planar
homeomorphism, which is a slight generalization of a result proved in [LT2].
It will be an essential tool in the proofs of Propositions 1.4 and 1.5.
4In the case where Sˆ is a normal covering space and fˆ commutes with the covering
automorphisms, a much simpler proof can be given. Unfortunately, this will not be always
the case when we will apply Proposition 2.3.
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Let (λi)1≤i≤r be a finite family of pairwise disjoint lines of R
2. Say that
the family is cyclically ordered if:
• one can choose, for every i ∈ {1, . . . , r}, a connected component Ei
of R2 \ λi in such a way that the sets Ei are pairwise disjoint;
• for every i ∈ {1, . . . , r− 1}, one can find two disjoint connected sets,
the first one containing λi and λi+1, the other one containing every
line λj , j 6∈ {i, i + 1}.
Note that the complement of
⋃
1≤i≤r Ei is a connected sub-surface Σ
whose boundary is equal to
⋃
1≤i≤r λi. Note also that one can find two
disjoint connected sets, the first one containing λ1 and λr, the other one
containing every line λj , 1 < j < r. By the extension of Schoenflies Theorem
due to Homma (see [Ho]), one knows that (λi)1≤i≤r is cyclically ordered if
and only if there exists a homeomorphism of R2 that sends λi on the graph
of the fonction
ψi : (2i− 1, 2i + 1)→ R, x 7→
1
1− (x− 2i)2
.
Proposition 2.5. Let f be a homeomorphism of R2. Suppose that there
exists a cyclically ordered family (λi)1≤i≤4 of pairwise disjoint lines and for
every i ∈ {1, 3} a segment σi ⊂ λi such that:
• f(σi) ∩ λi = ∅ if i ∈ {1, 3};
• f(λj) ∩ λj = ∅ if j ∈ {2, 4};
• f(σi) ∩ λj 6= ∅ if i ∈ {1, 3} and j ∈ {2, 4}.
Then f has a fixed point.
Proof. Recall that Ei is the connected component of R
2 \ λi that does not
contain the λj, j 6= i. Taking a sub-segment of σ1 if necessary, one can
suppose that one end of f(σ1) belongs to λ2, the other end to λ4 and the
other points of f(σ1) neither to λ2 nor to λ4. The segment f(σ1), being
disjoint from λ1, belongs to the connected component of R
2\λ1 that contains
λ2 and λ4, it does not meet E1. Moreover, the interior of f(σ1) is contained
in the connected component of R2 \ (λ2 ∪ λ4) that contains λ1 and λ3, it
does not meet neither E2, nor E4. One can suppose that σ3 satisfies similar
properties and of course f(σ1) and f(σ3) are disjoint. Let σ2 ⊂ λ2 be the
segment that joins the two ends of f(σ1) and f(σ3) that are on λ2. By
hypothesis, f−1(σ2) is disjoint from λ2 and so is included in the connected
component of R2 \ λ2 that contains λ1 and λ3, it is disjoint from E2. The
segment σ4 ⊂ λ4 that joins the two ends of f(σ1) and f(σ3) that are on
λ4, satisfies similar properties. One gets a loop C by taking the union of
f(σ1), f(σ3), σ2 and σ4. The vector field z 7→ f
−1(z) − z does not vanish
on C, let us explain why its index on C is equal to 1 or −1, which implies
that there exists at least one fixed point of f in the bounded component of
R2 \ C. The set of orientation preserving homeomorphisms h of R2 being
path connected for the compact open topology, the value of the index of the
vector field z 7→ h ◦ f−1 ◦h−1(z)− z on h(C) does not depend on the choice
of h. Applying Homma’s theorem, one can find an orientation preserving
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homeomorphism h such that :
h(λ2) = {0} ×R,
h(λ4) = {1} ×R,
h(f(σ1)) = [0, 1] × {0},
h(f(σ3)) = [0, 1] × {1},
or
h(λ2) = {0} ×R,
h(λ4) = {1} ×R,
h(f(σ3)) = [0, 1] × {0},
h(f(σ1)) = [0, 1] × {1}.
There is no loss of generality by supposing that the first situation occurs.
The family (λi)1≤i≤4 being cyclically ordered, there are two possibilities: in
the first case, E1 is contained in (0, 1)×(−∞, 0) and E3 in (0, 1)×(1,+∞); in
the second case, E1 is contained in (0, 1)×(0+∞) and E3 in (0, 1)×(−∞, 1).
It is very easy to compute the index of the vector field z 7→ h◦f−1◦h−1(z)−z
on the square h(C): in the first case, the vector field is pointing on the right
on {0} × [0, 1], pointing downwards on [0, 1] × {0}, pointing on the left on
{1}×[0, 1], pointing upwards on [0, 1]×{1} and the index is −1; in the second
case, the vector field is pointing on the right on {0}×[0, 1], pointing upwards
on [0, 1] × {0}, pointing on the left on {1} × [0, 1], pointing downwards on
[0, 1] × {1} and the index is +1. 
Remark. A special case where this criterion can be applied is when every
line λi is free (meaning that f(λi) ∩ λi = ∅) and f(λi) ∩ λj 6= ∅ if i ∈ {1, 3}
and j ∈ {2, 4}. The proposition above was proved in [LT2] when every λi
is a Brouwer line and f(λi) ∩ λj 6= ∅ if i ∈ {1, 3} and j ∈ {2, 4}. The proof
above tells us that the arguments given in [LT2] are still valid with some
weaker hypothesis.
2.6. Some forcing results. In this sub-section, we will state another re-
sult which will be essential in the proofs of Propositions 1.4 and 1.5. It is
naturally related to the forcing lemma for Brouwer lines that is stated in
[LT1] but will concern free lines instead of Brouwer lines and will “include”
a dynamics among these lines.
Denote
p1 : A˜→ R and p2 : A˜→ [0, 1]
the horizontal and vertical projections defined on A˜ = R× [0, 1].
Write Homeo∗(A˜) for the set of orientation preserving homeomorphisms
of A˜ that lets invariant each boundary line. The boundary lines can be
naturally ordered, transposing by p1 the usual order of the real line.
Denote E˜0 the set of lines λ˜0 : R → R × (0, 1) such that there exist
(a˜−0 , 0) 6= (a˜
+
0 , 0) in R× {0} satisfying
lim
t→−∞
λ˜0(t) = (a˜
−
0 , 0), limt→+∞
λ˜0(t) = (a˜
+
0 , 0).
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We will say that (a˜−0 , 0) and (a˜
+
0 , 0) are the ends of λ˜.
5 We can define a
relation ≺ on E˜0, writing λ˜0 ≺ λ˜
′
0 if:
• λ˜0 ∩ λ˜
′
0 = ∅;
• the smallest end of λ˜0 is smaller than the smallest end of λ˜′0 and the
highest end of λ˜0 is smaller than the highest end of λ˜
′
0.
Note that if λ˜0 ≺ λ˜
′
0, then the highest end of λ˜0 is not higher than the
smallest end of λ˜′0 because λ˜0 ∩ λ˜
′
0 = ∅ but it can be equal. The relation ≺
is not transitive owing to the first condition. Nevertheless, if F˜0 is a subset
of E˜0 such that the lines λ˜0 ∈ F˜0 are pairwise disjoint, then the restriction
of ≺ to F˜0 induces an order  (not necessarily total) defined as follows:
λ˜0  λ˜
′
0 ⇔ λ˜0 = λ˜
′
0 or λ˜0 ≺ λ˜
′
0.
Every f˜ ∈ Homeo∗(A˜) naturally acts on E˜0 and it holds that
λ˜0 ≺ λ˜
′
0 =⇒ f˜(λ˜0) ≺ f˜(λ˜
′
0).
Similarly, one can define the set E˜1 of lines λ˜1 : R→ R× (0, 1) such that
there exist (a˜−1 , 1) 6= (a˜
+
1 , 1) in R× {1}, the ends of λ˜1, satisfying
lim
t→−∞
λ˜1(t) = (a˜
−
1 , 1), limt→+∞
λ˜1(t) = (a˜
+
1 , 1).
Moreover, one can define a relation ≺ on E˜1 like we did on E˜0.
We now fix f˜ ∈ Homeo∗(A˜) until the end of the section. Consider λ˜0 ∈ E˜0,
λ˜1 ∈ E˜1 and n ≥ 1. We will write λ˜0
n
−→ λ˜1 in the case where f˜n(λ˜0)∩λ˜1 6= ∅.
The following result is immediate:
Lemma 2.6. Suppose that λ˜0 ∈ E˜0, λ˜1 ∈ E˜1 and n ≥ 1 satisfy λ˜0
n
−→ λ˜1.
Then it holds that
λ˜0
n+1
−→ f˜(λ˜1), f˜
−1(λ˜0)
n+1
−→ λ˜1.
Moreover, if h˜ ∈ Homeo∗(A˜) commutes with f˜ , then
h˜(λ˜0)
n
−→ h˜(λ˜1).
The next result is less obvious:
Lemma 2.7. Suppose that λ˜0 ∈ E˜0, λ˜
′
0 ∈ E˜0 , λ˜1 ∈ E˜1, λ˜
′
1 ∈ E˜1, n ≥ 1,
n′ ≥ 1 satisfy
λ˜0
n
−→ λ˜1, λ˜
′
0
n′
−→ λ˜′1
and
f˜n(λ˜0) ≺ λ˜
′
0, λ˜
′
1 ≺ f
n′(λ˜1), λ˜
′
0 ∩ λ˜1 = ∅.
Then, one has
λ˜0
n+n′
−→ λ˜′1.
5 We could have defined E˜0 to be the set of segments of A˜ whose ends are on R× {0}
and whose interior is in the interior of A˜ but the object that will appear naturally for the
applications are lines and not segments.
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Proof. The lines f˜n(λ˜0) and λ˜1 intersect, so f˜
n(λ˜0)∪ λ˜1 is connected. Simi-
larly, λ˜′0 and f˜
−n′(λ˜′1) intersect, so λ˜
′
0∪f˜
−n′(λ˜′1) is connected. By hypothesis,
one has f˜−n
′
(λ˜′1) ≺ λ˜1. The fact that f˜
n(λ˜0) ≺ λ˜
′
0 and f˜
−n′(λ˜′1) ≺ λ˜1 implies
that f˜n(λ˜0) ∪ λ˜1 and λ˜
′
0 ∪ f˜
−n′(λ˜′1) intersect. Noting that all sets
λ˜′0 ∩ λ˜1, f˜
n(λ˜0) ∩ λ˜
′
0, f˜
−n′(λ˜′1) ∩ λ˜1
are empty, we deduce that f˜n(λ˜0) and f˜
−n′(λ˜′1) intersect, which means that
λ˜0
n+n′
−→ λ˜′1. 
Remark. Lemma 2.7 is a slight modification of the forcing lemma given in
[LT1]. Of course, its conclusion still holds under the assumptions
λ˜′0 ≺ f˜
n(λ˜0), f˜
n′(λ˜1) ≺ λ˜
′
1, λ˜
′
0 ∩ λ˜1 = ∅.
Let us state now the main result, supposing that f˜ commutes with T :
(x, y) 7→ (x+ 1, y) or equivalently supposing that it lifts a homeomorphism
of A = T× [0, 1].
Proposition 2.8. Let ρ0 and ρ1 be the rotation numbers induced by f˜ on
R× {0} and R× {1} respectively. Suppose that λ˜0 ∈ E˜0, λ˜1 ∈ E˜1 satisfy the
following:
(1) for every n > 0 and every p ∈ Z, one has f˜n(λ˜0) ∩ T
p(λ˜0) = ∅,
(2) for every n > 0 and every p ∈ Z, one has f˜n(λ˜1) ∩ T
p(λ˜1) = ∅,
(3) for every n > 0 and every p ∈ Z, one has f˜n(λ˜1) ∩ T
p(λ˜0) = ∅,
(4) there exists n0 ≥ 1 such that λ˜0
n0−→ λ˜1.
Then, if p ∈ Z and q ≥ 1 satisfy
ρ0(n0 + q) < p < ρ1(n0 + q),
or
ρ1(n0 + q) < p < ρ0(n0 + q),
it holds that
λ˜0
2n0+q
−→ T pλ˜1.
Proof. We can suppose that ρ0(n0 + q) < p < ρ1(n0 + q), the other case
being similar. Let (z˜−0 , 0) and (z˜
+
0 , 0) be the ends of λ˜0. One can suppose
for instance that z˜−0 < z˜
+
0 . From the relation ρ0(n0+ q) < p, we obtain that
f˜n0+q(z˜−0 , 0) < T
p(z˜−0 , 0), f˜
n0+q(z˜+0 , 0) < T
p(z˜+0 , 0).
As a consequence of (1) we deduce that
f˜n0+q(λ˜0) ≺ T
p(λ˜0).
Similarly, as a consequence of (2) and of the relation p < ρ1(n0 + q), we
deduce that
T p(λ˜1) ≺ f˜
n0+q(λ˜1).
Writing f˜n0+q(λ˜1) = f˜
n0(f˜ q(λ˜1)), using (3) and the relations
λ˜0
n0+q
−→ f˜ q(λ˜1), T
pλ˜0
n0−→ T pλ˜1,
we conclude by Lemma 2.7, that
λ˜0
2n0+q
−→ T pλ˜1.
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
Remark. Of course, what has been done in this section can be extended to
any abstract annulus (meaning every topological space homeomorphic to A)
and its universal covering space, the sets E˜0 and E˜1 being defined relative to
the two boundary lines of the universal covering space.
3. Dehn twist maps
The goal of this section is to prove Proposition 1.4, which means to prove
that if S is an orientable closed surface of genus g ≥ 2 and f a non wandering
homeomorphism of S isotopic to a Dehn twist map, then f has periodic
points of period arbitrarily large.
We will fix from now on a Dehn twist map h on S and a homeomorphism
f isotopic to h (note that f is orientation preserving). We will begin by
stating some results that can be found in [LS]. We denote (Ai)i∈I the
family of twisted annuli and (ri)i∈I the family of twist coefficients. Fix
an annulus A = Ai0 and then choose a connected component A˜ of p˜i
−1(A),
where p˜i : S˜ → S is the universal covering projection. The boundary of
A˜ is the union of two lines λ˜1 and λ˜2, each of them lifting a boundary
circle of A, denoted respectively λ1 and λ2. We orient λ˜1 and λ˜2 in such
a way that λ˜2 ⊂ L(λ˜1) and λ1 ⊂ R(λ˜2). There exists T0 ∈ G, uniquely
defined, such that λ˜1 and λ˜2 are T0-lines. Note that the stabilizer of A˜ in
G is the infinite cyclic group generated by T0. There exists a lift h˜ of h,
uniquely defined, that fixes every point of λ˜1. This lift coincides with T
ri0
0
or T
−ri0
0 on λ˜2. Replacing ri0 with −ri0 if necessary, we can suppose that we
are in the first case. The map h˜ fixes every point of the unique connected
component of p˜i−1(S \ ∪i∈IAi) whose closure contains λ˜1. This component
is included in R(λ˜1) and its closure in S˜ meets a (unique) component J˜1
of ∂S˜ \ {α(T0), ω(T0)} because no connected component of S \ ∪i∈IAi is an
annulus. Consequently, the extension of h˜ to S˜, still denoted h˜, admits fixed
points in J˜1. For the same reason h˜ ◦ T
−ri0
0 admits fixed points in the other
component, denoted J˜2.
Note that h˜ commutes with T0 and so lifts a homeomorphism hˆ of the
open annulus Sˆ = S˜/T0 that preserves the orientation and fixes the two
ends of Sˆ. The map hˆ can be extended to the compact annulus Sˆ =(
S˜ \ {α(T0), ω(T0)}
)
/T0. It contains fixed points on the added circles Jˆ1 =
J˜1/T0 and Jˆ2 = J˜2/T0, the fixed points in Jˆ1 being lifted to fixed points of
h˜, the fixed points in Jˆ2 being lifted to fixed points of h˜ ◦ T
−ri0
0 .
The map f being isotopic to h admits a unique lift f˜ such that [f˜ ] = [h˜]
and this lift can be extended to a homeomorphism of S˜ that coincides with
h˜ on ∂S˜. The map f˜ commutes with T0 and lifts a homeomorphism fˆ of Sˆ.
The map fˆ can be extended to a homeomorphism of Sˆ that coincides with hˆ
on Jˆ1 and Jˆ2. Consequently, fˆ admits fixed points on the boundary circles
of Sˆ, the ones on Ĵ1 having a rotation number equal to zero for the lift f˜ ,
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the ones on Ĵ2 having a rotation number equal to ri0 for the lift f˜ : the map
fˆ satisfies a boundary twist condition.
Proposition 3.1. At least one of the following situations holds:
(1) the map f has periodic points of period arbitrarily large;
(2) there exists an essential simple loop λˆ ⊂ Sˆ such that fˆ(λˆ) ∩ λˆ = ∅.
This result was proved in [LS] in a weaker form, asking for infinitely many
periodic points instead of periodic points of period arbitrarily large. The
proof below is a slight modification of the proof in [LS].
Proof. By Theorem 2.4, one knows that if (2) is not true, then for every p/q ∈
[0, r0], written in an irreducible way, there exists a periodic point zˆ of period
q and rotation number p/q for the lift f˜ . One can easily prove (see [LS]) that
for every non trivial compact interval J ⊂ (0, r0), there exists a compact set
K ⊂ Sˆ such that every periodic orbit of rotation number p/q ∈ J meets
K. Let (pm/qm)m≥0 be a sequence in J , such that the sequence (qm)m≥0
is increasing and consists of prime numbers. For every m ≥ 0, choose a
periodic point zˆm ∈ K of period qm and rotation number pm/qm. Taking
a subsequence if necessary, one can suppose that the sequence (zˆm)m≥0
converges to a point zˆ. Moreover, zˆm projects onto a point zm ∈ S satisfying
f qm(zm) = zm. The integer qm being prime, zm has period qm if it is not
fixed. To prove the proposition it remains to show that zm is not fixed if
m is large enough. If it is not the case, taking a sub-sequence if necessary,
one can suppose that all zm are fixed. The sequence (zm)m≥0 converges to
z, the projection of zˆ, and this point is a fixed point. Take a lift z˜ ∈ S˜ of
zˆ. There exists a sequence (Tn)n≥1 in G such that f˜
n(z˜) = Tn(z˜). But if
m is large enough and z˜m is the lift of zˆm that is close to z˜, then one has
f˜n(z˜m) = Tn(z˜m), for every n ≥ 1. This is impossible because the integers
qm are all distinct. 
By Proposition 3.1, it is sufficient to prove the following result to get
Proposition 1.4:
Proposition 3.2. If f is non wandering and if there exists an essential
simple loop λˆ such that fˆ(λˆ) ∩ λˆ = ∅, then f has periodic points of period
arbitrarily large.
Let us begin by proving:
Lemma 3.3. Suppose that f is non wandering and that there exists an
essential simple loop λˆ such that fˆ(λˆ) ∩ λˆ = ∅. Then:
(1) the annulus Ai0 does not separate S (its complement is connected);
(2) the loop λˆ projects onto a simple loop λˇ ⊂ Sˇ such that fˇ(λˇ)∩ λˇ = ∅,
where Sˇ is the cyclic cover of S naturally associated to Ai0 and fˇ
the homeomorphism of Sˇ lifted by fˆ .
The surface Sˇ is the normal covering space of S, whose group of automor-
phisms is infinite cyclic, and such that the preimage of Ai0 by the covering
projection is the union of disjoint separating annuli homeomorphic to Ai0 .
The result is proved in [LS] assuming f lets invariant a totally supported
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finite measure. We just need to verify that the arguments given in [LS] are
still valid in this wider situation.
Proof. The proof given in [LS] is based on the fact that if the conclusions
of Lemma 3.3 are not satisfied, there exists a non empty wandering open
set Uˆ of fˆ such that
⋃
n≥0 fˆ
n(Uˆ ) or
⋃
n≥0 fˆ
−n(Uˆ) is relatively compact.
So, by Proposition 2.3, the proof extends to the case of a non wandering
homeomorphism. Let us explain briefly the arguments.
The loop λˆ can be lifted to a T0-line λ˜0 of S˜. The orientation of λ˜0
induces an orientation on λˆ. The loops fˆ(λˆ) and fˆ−1(λˆ) belong to different
components of Sˆ \ λˆ. Replacing f with f−1 if necessary, one can suppose
that fˆ(λˆ) is on the left of λˆ and fˆ−1(λˆ) on its right. This implies that λ˜0 is
a Brouwer line of f˜ . The lift f˜ acts on the set of lifts of λˆ in a natural way.
Indeed if λ˜ = T λ˜0, T ∈ G, is another lift, then λ˜ is a TT0T
−1-line and one
can define
[f˜ ](λ˜) = [f˜ ](T )(λ˜0) = f˜ ◦ T ◦ f˜
−1(λ˜0).
The line λ˜0 being a Brouwer line of f˜ , it holds that:
f˜
(
L(λ˜)
)
⊂ L([f˜ ](λ˜)), f˜−1
(
R(λ˜)
)
⊂ R([f˜ ]−1(λ˜)).
Define Λ− as being the set of lifts λ˜ = T (λ˜0) such that:
• α(TT0T
−1) and ω(TT0T
−1) are on the right of λ˜0;
• α(T0) and ω(T0) are on the right of λ˜.
Similarly, define Λ+ as being the set of lifts λ˜ = T (λ˜0) such that:
• α(TT0T
−1) and ω(TT0T
−1) are on the left of λ˜0;
• α(T0) and ω(T0) are on the left of λ˜.
It is not very difficult to see that the conclusions of Lemma 3.3 will occur
if we prove that λ˜ ∩ λ˜0 = ∅ for every λ˜ ∈ Λ− ∪ Λ+. Fix λ˜ ∈ Λ−. It projects
onto a line of Sˆ, denoted ˆ˜λ, that joins the end on the right of λˆ to itself. It
separates Sˆ into two components, R(
ˆ˜
λ) on its right and L(
ˆ˜
λ) on its left. Of
course, one has T̂0(λ˜) =
ˆ˜
λ. There are finitely many lines
ˆ˜
λ, λ˜ ∈ Λ−, that
meet λˆ, we want to prove that none of them does it. The set
Kˆ = L(λˆ) ∩

 ⋃
λ˜∈Λ−
L(ˆ˜λ)


is compact and satisfies fˆ(Kˆ) ⊂ int(Kˆ). Indeed, if zˆ ∈ L(λˆ) ∩ L(ˆ˜λ), then
fˆ(zˆ) ∈ L(λˆ) ∩ L([̂f ](λ˜)). In case, there exists λ˜ ∈ Λ− such that λ˜ ∩ λ˜0 6= ∅,
we deduce that Uˆ = int(Kˆ) \ fˆ(Kˆ) is a non empty wandering open set of
fˆ such that
⋃
n≥0 fˆ
n(Uˆ ) is contained in Kˆ. We can apply Proposition 2.3
to get a contradiction. Similarly, we can construct a non empty wandering
open set Uˆ of fˆ such that
⋃
n≥0 fˆ
−n(Uˆ) is relatively compact in case there
exists λ˜ ∈ Λ+ such that λ˜ ∩ λ˜0 6= ∅. 
We will suppose until the end of the section that f satisfies the hypothesis
of Proposition 3.2 and Lemma 3.3: f is non wandering and there exists an
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essential simple loop λˆ such that fˆ(λˆ) ∩ λˆ = ∅. More precisely we will
suppose that fˆ(λˆ) is on the left of λˆ and fˆ−1(λˆ) on its right, meaning that
the lift λ˜0 of λˆ that is a T0-line, is a Brouwer line of f˜ .
We begin by using Lemma 3.3. Let Tˇ be the generator of the group of
covering automorphisms of the covering map pˇi : Sˇ → S such that Tˇ (λˇ1)
is on the left of λˇ1, where λˇ1 is a lift of λ1 (one of the boundary curves of
Ai0). It is possible that Tˇ (λˇ) ∩ λˇ 6= ∅ but if s ≥ 1 is large enough, then
Tˇ s(λˇ) does not meet λˇ and is on the left of λˇ. Replacing S with Sˇ/Tˇ s and f
with the homeomorphism of Sˇ/Tˇ s that is lifted by fˇ , we can always suppose
that s = 1, meaning that λˆ projects onto a simple loop λ of S (indeed, by
Proposition 2.2 the new map will be non wandering and if it has periodic
points of period arbitrarily high, so will have f).
ˆ˜λ Let us explain now how we will apply the results of Sub-section 2.6
(forcing theory). Considering the annulus Sˆ and its universal covering space
S˜ \ {α(T0), ω(T0)}, we can define the sets E˜1 and E˜2. Recall that there is a
well defined relation ≺ on these sets. Every lift λ˜ 6= λ˜0 of λ is disjoint from
λ˜0. If it is on the right of λ˜0 its two “ends” are on J˜1, and so λ˜ belongs to E˜1,
if it is on the left of λ˜0 the ends are on J˜2, and so λ˜ belongs to E˜2. For every
integers m < n, denote Sˇ[m,n] the compact surface bordered by Tˇ
m(λˇ) and
Tˇ n(λˇ). Then note respectively S˜[−1,0] and S˜[0,1] the connected component of
the preimage of Sˇ[−1,0] and Sˇ[0,1] by the universal covering projection that
contains λ˜0 in its boundary. The boundary of S˜[−1,0] is a disjoint union of
lifts of λ, the ones that bound S˜[−1,0] on their right side being lifts of λˇ, the
ones that bound S˜[−1,0] on their left side being lifts of Tˇ
−1(λˇ). Denote L˜1
the set of lifts of λ different from λ˜0, that are on the boundary of S˜[−1,0].
Denote L˜1,l ⊂ L˜1 the subset of lines in L˜1 that lift Tˇ
−1(λˇ) and L˜1,r ⊂ L˜1
the subset of lines in L˜1 that lift λˇ. Note also that the relation ≺ defines a
total order on L˜1, setting
λ˜1  λ˜
′
1 ⇔ λ˜1 ≺ λ˜
′
1 or λ˜1 = λ˜
′
1.
Similarly, denote L˜2 the set of lifts of λ different from λ˜0 that are on the
boundary of S˜[0,1], denote L˜2,l ⊂ L˜2 the subset of lines in L˜2 that lift λˇ and
L˜2,r ⊂ L˜2 the subset of lines in L˜2 that lift Tˇ (λˇ). Here again, ≺ induces a
total order on L˜2. There is a natural action of Z
2 on these sets. Note first
that L˜1, L˜1,r, L˜1,l, L˜2, L˜2,r, L˜2,l, are invariant by T0 because λ˜0 is invariant
by T0. These sets are also invariant by the map [f˜ ] defined on the set of lifts
of λ. Moreover, T0 and [f˜ ] commute on our sets.
One deduces that:
λ˜1 ∈ L˜1,r, λ˜ ∈ L˜1 ∪ L˜2, k > 0⇒ f˜
k(λ˜1) ∩ λ˜ = ∅,
λ˜1 ∈ L˜1,l, λ˜ ∈ L˜1 ∪ L˜2, k > 0⇒ f˜
−k(λ˜1) ∩ λ˜ = ∅,
λ˜2 ∈ L˜2,r, λ˜ ∈ L˜1 ∪ L˜2, k > 0⇒ f˜
k(λ˜2) ∩ λ˜ = ∅,
λ˜2 ∈ L˜2,l, λ˜ ∈ L˜1 ∪ L˜2, k > 0⇒ f˜
−k(λ˜2) ∩ λ˜ = ∅.
SURFACE HOMEOMORPHISMS WITH FINITELY MANY PERIODIC POINTS 19
Consequently, it holds that
λ˜1 ∈ L˜1,r, λ˜
′
1 ∈ L˜1,r, k ∈ Z \ {0} ⇒ f˜
k(λ˜1) ∩ λ˜
′
1 = ∅,
λ˜1 ∈ L˜1,l, λ˜
′
1 ∈ L˜1,l, k ∈ Z \ {0} ⇒ f˜
k(λ˜1) ∩ λ˜
′
1 = ∅,
λ˜2 ∈ L˜2,r, λ˜
′
2 ∈ L˜2,r, k ∈ Z \ {0} ⇒ f˜
k(λ˜2) ∩ λ˜
′
2 = ∅,
λ˜1 ∈ L˜2,l, λ˜
′
2 ∈ L˜2,l, k ∈ Z \ {0} ⇒ f˜
k(λ˜2) ∩ λ˜
′
2 = ∅.
Let us state now the key result implying Proposition 3.2. We will postpone
its proof and begin by explaining how to get Proposition 3.2 from it.
Proposition 3.4. There exist λ˜1 ∈ L˜1,l, λ˜2 ∈ L˜2,r, n0 ∈ N, ρ− ∈ R,
ρ+ ∈ R, such that ρ− < ρ+ and such that for every p ∈ Z and every q ≥ 1,
it holds that
ρ−(n0 + q) < p < ρ+(n0 + q)⇒ f˜
2n0+q(λ˜1) ∩ T˜
p
0 (λ˜2) 6= ∅.
Moreover, at least one of the two following properties holds:
(1) If
ρ−(n0 + q) < p < p
′ < ρ+(n0 + q),
then there exists a segment σ˜1 ⊂ λ˜1 such that:
• f˜2n0+q(σ˜1) joins T
p
0 (λ˜2) and T
p′
0 (λ˜2);
• the interior of f˜2n0+q(σ˜1) is included in R(T
p
0 (λ˜2))∩R(T
p′
0 (λ˜2));
• f˜2n0+q(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0)).
(2) If
ρ−(n0 + q) < p < p
′ < ρ+(n0 + q),
then there exists a segment σ˜2 ⊂ λ˜2 such that:
• f˜−2n0−q(σ˜2) joins T
−p
0 (λ˜1) and T
−p′
0 (λ˜1);
• the interior of f˜−2n0−q(σ˜2) is included in L(T
−p
0 (λ˜1))∩L(T
−p′
0 (λ˜1));
• f˜−2n0−q(σ˜2) is included in
⋃
k≥0 f˜
k(R(λ˜0)).
We will suppose from now on that Proposition 3.4 is true. We can deduce
the following:
Proposition 3.5. At least one of the two following statements is true:
(1) There exists λ˜1 ∈ L˜1,l such that for every s ≥ 2, there exists ms ≥ 0
such that for every m ≥ ms, there exists λ˜2 ∈ L˜2,r such that for
every 0 < p < p′ ≤ s, there exists a segment σ˜1 ⊂ λ˜1 satisfying:
• f˜m(σ˜1) joins T
p
0 (λ˜2) and T
p′
0 (λ˜2);
• the interior of f˜m(σ˜1) is included in R(T
p
0 (λ˜2)) ∩R(T
p′
0 (λ˜2));
• f˜m(σ˜1) is included in L(λ˜0).
(2) There exists λ˜2 ∈ L˜2,r such that for every s ≥ 2 there exists ms ≥ 0
such that for every m ≥ ms, there exists λ˜1 ∈ L˜1,l such that for
every 0 < p < p′ ≤ s, there exists a segment σ˜2 ⊂ λ˜2 satisfying:
• f˜−m(σ˜2) joins T
−p
0 (λ˜1) and T
−p′
0 (λ˜1);
• the interior of f˜−m(σ˜2) is included in L(T
−p
0 (λ˜1))∩L(T
−p′
0 (λ˜1));
• f˜−m(σ˜2) is included in R(λ˜0).
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Proof. Suppose that the first situation of Proposition 3.4 holds. Fix s ≥ 2
and denote K the (finite) set of couples (p, p′) such that 0 < p < p′ ≤ s.
There exist b ∈ Z and q ≥ 1 such that, for every (p, p′) ∈ K it holds that
ρ−(n0 + q) < p+ b < p
′ + b < ρ+(n0 + q).
For each couple κ = (p, p′) ∈ K, one can choose a segment σ˜1,κ satisfy-
ing the three items of Proposition 3.4 (1). The third item tells us that
there exists aκ ≥ 0 such that f˜
a+2n0+q(σ˜1,κ) ⊂ L(λ˜0) if a ≥ aκ. More-
over f˜a+2n0+q(σ˜1,κ) joins L([f˜ ]
a(T p+b0 (λ˜2))) and L([f˜ ]
a(T p
′+b
0 (λ˜2))) and so
contains a segment that joins [f˜ ]a(T p+b0 (λ˜2)) and [f˜ ]
a(T p
′+b
0 (λ˜2)) and whose
interior is included in R([f˜ ]a(T p+b0 (λ˜2))) and R([f˜ ]
a(T p
′+b
0 (λ˜2))). This seg-
ment can be written f˜a+2n0+q(σ˜′1,κ) where σ˜
′
1,κ is a segment included in σ˜1,κ.
Set amax = maxκ∈K aκ and ms = aκ + 2n0 + q. For every m ≥ ms and for
every κ = (p, p′) ∈ K, there exists a segment σ˜′1,κ ⊂ λ˜1 satisfying:
• f˜m(σ˜′1,κ) joins T
p
0 ([f˜ ]
m−2n0−q(T b0 (λ˜2))) and T
p′
0 ([f˜ ]
m−2n0−q(T b0 (λ˜2)));
• the interior of f˜m(σ˜′1,κ) is included in R(T
p
0 ([f˜ ]
m−2n0−q(T b0 (λ˜2))))
and in R(T p
′
0 ([f˜ ]
m−2n0−q(T b0 (λ˜2))));
• f˜m(σ˜′1,κ) is included in L(λ˜0).
So (1) is satisfied. If the second situation of Proposition 3.4 holds, one prove
similarly that (2) is satisfied.

Finally we get:
Proposition 3.6. There exists a sequence (Tm)m≥m5 in G such that each
Tm sends S˜[−1,0] onto S˜[0,1] and such that f˜
m ◦ T−1m has a fixed point.
Proof. Suppose that the first item of Proposition 3.5 holds and denote λ˜1
the line of L˜1,l defined in Proposition 3.5. Fix m ≥ m5 and denote λ˜2 the
line of L˜2,r defined in Proposition 3.5. If T ∈ G sends λ˜1 onto λ˜0, it sends
S˜[−1,0] onto S˜[0,1] and T0(λ˜1) onto an element of L˜2,l. Moreover T
′ ∈ G sends
λ˜1 onto λ˜0 if and only if there exists k ∈ Z such that T
′ = T k0 T . So, there
exists an automorphism Tm ∈ G, uniquely defined, such that
Tm(λ˜1) = λ˜0 and T
3
0 (λ˜2) ≺ Tm(T0(λ˜1)) ≺ T
4
0 (λ˜2),
and Tm sends S˜[−1,0] onto S˜[0,1]. Note that Tm sends λ˜0 onto an element of
L˜2,r. Consider the map g˜ = f˜
m◦T−1m . Every line λ˜
′
2 ∈ L˜2,r\Tm(λ˜0) is sent by
T−1m onto an element of L˜1,r and its image by g˜ belongs to L([f˜ ]
m(T−1m (λ˜
′
2))).
In particular, g˜(λ˜′2) ∩ λ˜
′
2 = ∅. Every line λ˜
′
2 ∈ L˜2,l is sent by T
−1
m onto an
element of L˜1,l and its image by f˜
−m belongs to R([f˜ ]−m(λ′2)). The images
of λ˜′2 by T
−1
m and by f˜
−m being disjoint, it holds that g˜(λ˜′2) ∩ λ˜
′
2 = ∅. In
fact the only lines on the boundary of S˜[0,1] that can meet their image by
g˜ are λ˜0 and Tm(λ˜0). One can choose i ∈ {2, 3} and j ∈ {4, 5} such that
T i0(λ˜2) 6= Tm(λ˜0) and T
j
0 (λ˜2) 6= Tm(λ˜0). Applying Proposition 3.5 to the
pairs (i, j) and (i − 1, j − 1) and using the fact that f˜ and T0 commute,
we deduce that there exist a segment σ˜1 ⊂ λ˜1 and a segment σ˜
′
1 ⊂ T0(λ˜1)
satisfying:
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• f˜m(σ˜1) and f˜
m(σ˜′1) join T
i
0(λ˜2) and T
j
0 (λ˜2);
• the interior of f˜m(σ˜1) and f˜
m(σ˜′1) are included in R(T
i
0(λ˜2)) and in
R(T j0 (λ˜2));
• f˜m(σ˜1) and f˜
m(σ˜′1) are included in L(λ˜0).
Let us summarize the situation:
• Tm(σ˜1) is a segment of λ˜0 whose image by g˜ is disjoint from λ˜0 and
joins T i0(λ˜2) and T
j
0 (λ˜2);
• Tm(σ˜
′
1) is a segment of TmT0(λ˜1) whose image by g˜ is disjoint from
TmT0(λ˜1) and joins T
i
0(λ˜2) and T
j
0 (λ˜2);
• T i0(λ˜2) and T
j
0 (λ˜2) are disjoint from there image by g˜;
• the lines λ˜0, T
j
0 (λ˜2), TmT0(λ˜1) and T
i
0(λ˜2) are cyclically ordered.
We can use Proposition 2.5 and deduce that g has a fixed point.
In the case where the second item of Proposition 3.5 holds, we can prove
similarly that for every m ≥ m5, there exists Tm ∈ G that sends S˜[−1,0] onto
S˜[0,1], such that f˜
−m ◦ Tm has a fixed point. Note that the image by Tm of
the fixed point of f˜−m ◦ Tm is a fixed point of f˜
m ◦ T−1m . 
It remains to explain why Proposition 3.6 implies Proposition 3.2:
Proof of Proposition 3.2. For every m ≥ m5, one can find z˜m ∈ S˜ such that
f˜m(z˜m) = Tm(z˜m) (just take the image by T
−1
m of a fixed point of f˜
m◦T−1m ).
It projects onto a point zˇm ∈ Sˇ such that fˇ
m(zˇm) = Tˇ (zˇm) which itself
projects onto a point zm ∈ S such that f
m(zm) = zm. It remains to show
that the period of zm is m. Suppose that f
q(zm) = zm, where q|m. Then
there exists p ∈ Z such that fˇ q(zˇm) = Tˇ
p(zˇm) and so fˇ
m(zˇm) = Tˇ
pm/q(zˇm),
which implies that pm = q. Of course this implies thatm = q and p = 1. 
To conclude the section, it remains to prove Proposition 3.4. Let us begin
with the following result:
Lemma 3.7. There exists λ˜1 ∈ L˜1,l, λ˜2 ∈ L˜2,r and n ≥ 1 such that f˜
n(λ˜1)∩
λ˜2 6= ∅.
Proof. One can find an open disk Uˇ ⊂ Sˇ[−1,0] whose image by fˇ is on the
left of λˇ. It is a wandering disk of fˇ that projects onto an open disk U
of S. There is a lift U˜ ⊂ S˜[−1,0], uniquely defined up to the action of the
iterates of T0, whose image by f˜ is on the left of λ˜0. By Lemma 2.1, there
exists z ∈ U and positive integers n0, n1, n2 such that f
−n0(z), fn1(z) and
fn1+n2(z) belong to U . If zˇ is the lift of z that belongs to Uˇ , then fˇ−n0(zˇ)
is on the right of Tˇ−1(λˇ), fˇn1(zˇ) on the left of λˇ and fˇn1+n2(zˇ) on the left
of Tˇ (λˇ). So, if z˜ is the lift of zˇ that belongs to U˜ , there exists λ˜1 ∈ L˜1,l
and λ˜2 ∈ L˜2,r such that f˜
−n0(z˜) ∈ R(λ˜1) and f˜
n1+n2(z˜) ∈ L(λ˜2). Setting
n = n0 + n1 + n2, one gets that f˜
n(R(λ˜1)) ∩ L(λ˜2) 6= ∅, which implies that
f˜n(λ˜1) ∩ λ˜2 6= ∅. 
Proof of Proposition 3.4. We consider the annuli:
Uˆ1 =
⋃
n≥0
fˆ−n(L(λˆ)), Uˆ2 =
⋃
n≥0
fˆn(R(λˆ)), Uˆ0 = Uˆ1 ∩ Uˆ2,
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and the respective covering spaces:
U˜1 =
⋃
n≥0
f˜−n(L(λ˜0)), U˜2 =
⋃
n≥0
f˜n(R(λ˜0)), U˜0 = U˜1 ∩ U˜2.
The three annuli are invariant by fˆ . By Caratheodory’s Prime End Theory
(see [M] for instance), each annulus Uˆ0, Uˆ1, Uˆ2, can be compactified as an
annulus in such a way that the restriction of fˆ to the former annulus extends
to a homeomorphism of the compact annulus. More precisely, to compactify
Uˆ0, one must add the circle of prime ends Sˆ1 corresponding to the end on
the right of λˆ and the circle of prime ends Sˆ2 corresponding to the end on
the left of λˆ; to compactify Uˆ1, one must add Sˆ1 and Jˆ2; to compactify Uˆ2,
one must add Jˆ1 and Sˆ2. Furthermore, one can add the covering spaces S˜1
and S˜2 of Sˆ1 and Sˆ2 to U˜0 in such a way that the restriction of f˜ extends
continuously to the added space. Similarly, one can add S˜1, J˜2 to U˜1 and J˜1,
S˜2 to U˜2. For every i ∈ {0, 1, 2}, one can consider the sets E˜1(U˜i) and E˜2(U˜i)
like in Sub-section 2.6, noting that E˜1(U˜0) is a subset of E˜1(U˜1) and E˜2(U˜0)
a subset of E˜2(U˜2). One can define the rotation numbers ρ1, ρ2, defined
respectively by f˜ on each spaces S˜1 and S˜2. Note that at least one of the
following conditions is satisfied:
ρ1 6= ri0 , ρ2 6= 0, ρ1 6= ρ2,
meaning that a boundary twist condition is satisfied on at least one annulus
Uˆ0, Uˆ1 or Uˆ2. The sets U˜0∩
(⋃
λ˜∈L˜1
λ˜
)
and U˜1∩
(⋃
λ˜∈L˜1
λ˜
)
coincide, we note
D˜1 the set of its connected components. Each element δ˜1 of D˜1 is contained
in a line λ˜1 ∈ L˜1, moreover it holds that λ˜1 ∈ L˜1,l. Note that δ˜1 is a line
of U˜1 that has two different limit points in the frontier of U˜1 in S˜ (called
accessible points). An important property of prime end theory is that λ˜1
has two different limit points in S˜1. In particular D˜1 is a subset of E˜1(U˜0)
(and consequently of E˜1(U˜1)). Moreover T0 naturally acts on it. Note that
for every k 6= 0, every δ1 ∈ D˜1, and every δ˜
′
1 ∈ D˜1, one has f˜
k(δ1) ∩ δ
′
1 = ∅.
Indeed, we have a similar properties in L˜1,l. This means that one gets a
subset
⋃
k∈Z f˜
k(D˜1) of E˜1(U˜0) invariant by T0 and f˜ that consists of pairwise
disjoint lines. Consequently, ≺ is transitive on
⋃
k∈Z f˜
k(D˜1) and induces an
order  which is not necessarily total. Of course T0 and f˜ preserve the order
and one has δ˜ ≺ T0(δ˜) for every δ˜ ∈
⋃
k∈Z f˜
k(D˜1). We can define similarly
D˜2 ⊂ E˜2(U˜0) with the same properties.
By Lemma 3.7, there exist λ˜1 ∈ L˜1,l, λ˜2 ∈ L˜2,r and n0 ≥ 1 such that
f˜n0(λ˜1)∩ λ˜2 6= ∅. Choose z˜ ∈ λ˜1 ∩ f˜
−n0(λ˜2). Its orbit is included in U˜0. So,
there exists δ˜1 ∈ D˜1 and δ˜2 ∈ D˜2 such that z˜ ∈ δ˜1 and f˜
n0(z˜) ∈ δ˜2.
We will begin by studying the case where ρ1 6= ri0 and will prove that the
first item of Proposition 3.4 is satisfied. Then we will study the case where
ρ2 6= 0 and will prove that the second item is satisfied. Eventually we will
look at the case where ρ1 = ri0 and ρ2 = 0 and will see that both items are
satisfied.
Suppose first that ρ1 6= ri0 . Note that all properties of Proposition 2.8
are satisfied with δ˜1 ∈ E˜1(U˜1) and λ˜2 ∈ E˜2(U˜1). Setting ρ− = min(ρ1, ri0)
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and ρ+ = max(ρ1, ri0) one gets that
ρ−(n0 + q) < p < ρ+(n0 + q)⇒ f˜
2n0+q(δ˜1) ∩ T
p
0 (λ˜2) 6= ∅.
So, if ρ−(n0+ q) < p < p
′ < ρ+(n0+ q), there exists a segment σ˜1 ⊂ δ˜1 ⊂ λ˜1
such that:
• f˜2n0+q(σ˜1) joins T
p
0 (λ˜2) and T
p′
0 (λ˜2);
• the interior of f˜2n0+q(σ˜1) is included in R(T
p
0 (λ˜2)) ∩R(T
p′
0 (λ˜2));
• f˜2n0+q(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0)).
Suppose now that ρ2 6= 0. The properties of Proposition 2.8 are satisfied
with λ˜1 ∈ E˜1(U˜2) and δ˜2 ∈ E˜2(U˜2). Setting ρ− = min(ρ2, 0) and ρ+ =
max(ρ2, 0) one gets that
ρ−(n0 + q) < p < ρ+(n0 + q)⇒ f˜
2n0+q(λ˜1) ∩ T
p
0 (δ˜2) 6= ∅.
So, if ρ−(n0+ q) < p < p
′ < ρ+(n0+ q), there exists a segment σ˜2 ⊂ δ˜2 ⊂ λ˜2
such that:
• f˜−2n0−q(σ˜2) joins T
−p
0 (λ˜1) and T
−p′
0 (λ˜1);
• the interior of f˜−2n0−q(σ˜2) is included in L(T
−p
0 (λ˜1))∩L(T
−p′
0 (λ˜1));
• f˜−2n0−q(σ˜2) is included in
⋃
k≤0 f˜
−k(R(λ˜0)).
Suppose now that ρ1 = ri0 and ρ2 = 0. The properties of Proposition 2.8
are satisfied with δ˜1 ∈ E˜1(U˜0) and δ˜2 ∈ E˜2(U˜0). Setting ρ− = min(0, ri0) and
ρ+ = max(0, ri0) one gets that
ρ−(n0 + q) < p < ρ+(n0 + q)⇒ f˜
2n0+q(δ˜1) ∩ T
p
0 (δ˜2) 6= ∅.
So, if ρ−(n0+q) < p < p
′ < ρ+(n0+q), there exists a segment σ˜1 ⊂ δ˜1 ⊂ λ˜1
such that:
• f˜2n0+q(σ˜1) joins T
p
0 (λ˜2) and T
p′
0 (λ˜2);
• the interior of f˜2n0+q(σ˜1) is included in R(T
p
0 (δ˜2)) ∩R(T
p′
0 (δ˜2)).
• f˜2n0+q(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0)).
Similarly, there exists a segment σ˜2 ⊂ δ˜2 ⊂ λ˜2 such that:
• f˜−2n0−q(σ˜2) joins T
−p
0 (λ˜1) and T
−p′
0 (λ˜1);
• the interior of f˜−2n0−q(σ˜2) is included in L(T
−p
0 (λ˜1))∩L(T
−p′
0 (λ˜1)).
• f˜−2n0−q(σ˜2) is included in
⋃
k≤0 f˜
−k(R(λ˜0)).

Remark. The boundary twist condition is satisfied on the whole space S˜.
Setting ρ− = min(0, ri0) and ρ+ = max(0, ri0) one knows that
ρ−(n0 + q) < p < ρ+(n0 + q)⇒ f˜
2n0+q(λ˜1) ∩ T
p
0 (λ˜2) 6= ∅.
So, if ρ−(n0+ q) < p < p
′ < ρ+(n0+ q), there exists a segment σ˜1 ⊂ λ˜1 such
that:
• f˜2n0+q(σ˜1) joins T
p
0 (λ˜2) and T
p′
0 (λ˜2);
• the interior of f˜2n0+q(σ˜1) is included in R(T
p
0 (λ˜2)) ∩R(T
p′
0 (λ˜2)).
The problem is that we need the supplementary condition
• f˜2n0+q(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0));
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to make right the argument of the proof of Proposition 3.6. There is no
reason why such a condition will be satisfied even if q is large enough. This
is why we must work in U˜0, U˜1 or in U˜2.
4. Homeomorphisms isotopic to the identity
The goal of this section is to prove Proposition 1.5, which means to prove
that if S is an orientable closed surface of genus g ≥ 2 and f a non wandering
homeomorphism of S isotopic to the identity, then either f has periodic
points of period arbitrarily large, or every periodic point of f is fixed and f
is isotopic to the identity relative to its fixed point set (the existence of at
least one fixed point being a consequence of Lefschetz formula).
Proof of Proposition 1.5. We keep the same notations as before. The map
f being isotopic to the identity and the genus of S being larger than 1,
there exists a unique lift f˜ of f to S˜ that commutes with the covering
automorphims. A periodic point of f that is lifted to a periodic point of f˜
is called a contractible periodic point. It was proved in [Lec2] that:
• either f has periodic points of arbitrarily large period;
• or every contractible periodic point of f is fixed and f is isotopic to
the identity relative to the contractible fixed point set.
So, Proposition 1.5 is an extension of this result and to obtain Proposition
1.5 it remains to show that every periodic point is contractible. We will
argue by contradiction and suppose that there exists a non contractible
periodic point z0, denoting by q0 its period. If z˜0 is a lift of z0, there exists
T0 ∈ G \ {Id) such that f˜
q(z˜0) = T0(z˜0). The map f˜ commutes with T0
and lifts a homeomorphism fˆ of Sˆ = S˜/T0. Recall that f˜ extends to a
homeomorphism of S˜ that fixes every point of ∂S. Consequently fˆ extends
to a homeomorphism of the compact annulus Sˆ obtained by adding the two
circles Jˆ1 = J˜1/T0 and Jˆ2 = J˜2/T0, where J˜1 and J˜2 are the two connected
components of ∂S \ {α(T0), ω(T0)}, the first one on the right of every T0-
line, the second on the left. Note that every point of Jˆ1 ∪ Jˆ2 is fixed, with
a rotation number equal to zero for the lift f˜ . Note also that z˜0 projected
onto a periodic point zˆ0 of period q0 and rotation number 1/q0. One can
apply Theorem 2.4:
• either, for every rational number p/q between 0 and 1/q0, written in
an irreducible way, there exists a periodic point z of fˆ of period q
and rotation number p/q for f˜ ;
• or there exists an essential simple loop λˆ ⊂ Sˆ such that fˆ(λˆ)∩ λˆ = ∅.
In case the first item holds, we can prove, as we did in Section 3 for a
map isotopic to a Dehn twist map, that f has periodic points of period
arbitrarily large. So, we can assume that the second item holds. Consider
the lift λ˜0 ⊂ S˜ of λˆ, oriented as a T0-line. Replacing f with f
−1 if necessary,
we can suppose that it is a Brouwer line. The fact that f˜ commutes with the
covering automorphisms implies that every line T (λ˜0), T ∈ G, is a Brouwer
line of f˜ .
There is a natural partition L˜ = L˜0 ∪ L˜1 ∪ L˜2 of the set of lifts of λˆ,
defined as follows:
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• every λ˜ ∈ L˜0 meets λ˜0;
• every λ˜ ∈ L˜1 is included in R(λ˜0);
• every λ˜ ∈ L˜2 is included L(λ˜0).
Note that the ends of a line in L˜1 belong to J˜1 and the ends of a line in
L˜2 belong to J˜2. Moreover, we have two partitions L˜1 = L˜1,r ∪ L˜1,l and
L˜2 = L˜2,r ∪ L˜2,l, where:
• λ˜ ∈ L˜1,r ∪ L˜2,r if λ˜0 ⊂ R(λ˜);
• λ˜ ∈ L˜1,l ∪ L˜2,l if λ˜0 ⊂ L(λ˜).
Note that the subsets defined above are all invariant by T0. A last im-
portant remark is the following: there exists N > 0 such that if λ˜ is a lift
of λ, there exists at most N other lifts that meet λ˜ up to the action of T ,
where T is the generator of the stabilizer of λ˜ (in particular the number of
T0-orbits in L˜0 is bounded by N). Indeed fix a segment δ˜ ⊂ λ˜0 joining a
point z˜ to T0(z˜) the set of T ∈ G such that T (δ˜) ∩ δ˜ 6= ∅ is finite, choose N
to be its cardinal.
Lemma 4.1. There exist λ˜1 ∈ L˜1,l, λ˜2 ∈ L˜1,r and n0 ≥ 1 such that f˜
n0(λ˜1)∩
λ˜2 6= ∅.
Proof. Consider an open disk U˜ ⊂ R(λ˜0)∩ f˜
−1(L(λ˜0)) that projects onto an
open disk U of S. Using Lemma 2.1, there exists z ∈ U and two increasing
sequences (mi)0≤k≤N , (m
′
i)i≤k≤N , with m0 = m
′
0 = 0, such that for every
k ∈ {0, . . . , N}, the points fmk(z) and f−m
′
k(z) belong to U . Let z˜ be
the lift of z that belongs to U˜ . So there exist two sequences (T (k))0≤k≤N ,
(T ′(k))0≤k≤N of covering automorphisms such that f˜
mk(z˜) ∈ T (k)(U˜ ) and
f˜−m
′
k(z˜) ∈ T ′(k)(U˜ ). Suppose that there exist 0 ≤ k < k′ ≤ N and m ∈ Z
such that T (k
′) = Tm0 T
(k). Then it holds that f˜mk(T (k)−1(z)) ∈ U˜ and
f˜mk′ (T (k)−1(z)) ∈ Tm0 (U˜). We have a contradiction because T
m
0 (U˜) ⊂ R(λ˜0)
and f˜mk′−mk(U˜) ⊂ L(λ˜0). But we have T
(0) = Id, and so, there exists
1 ≤ k ≤ N such that T (k)(λ˜0) 6∈ L˜0. The lines λ˜0 and T
(k)(λ˜0) being
Brouwer lines, one deduces that T (k)(λ˜0) ∈ L˜2,r. For the same reasons, one
can find 1 ≤ k′ ≤ N such that T ′(k
′)(λ˜0) ∈ L˜1,l. Setting n0 = mk +m
′
k′ +1,
one deduce that f˜n0(R(T ′(k
′)(λ˜0)) ∩ L(T
(k)(λ˜0)) 6= ∅ which easily implies
that f˜n0(T ′(k
′)(λ˜0)) ∩ T
(k)(λ˜0) 6= ∅.

We would like to give a proof similar to the proof in Section 3. The fact
that z˜0 lifts a periodic point of fˆ implies that the points f˜
q ◦ T p0 (z˜0), p ∈ Z,
q ∈ Z, are all on the same side of λ˜0. We will suppose that they are on the left
side, meaning that they all belong to U˜1 =
⋃
n≥0 f˜
−n(L(λ˜0)), the covering
space of Uˆ1 =
⋃
n≥0 fˆ
−n(L(λˆ0)). The case where they are on the right side
can be treated similarly, replacing U˜1 and Uˆ1 with U˜2 =
⋃
n≥0 f˜
n(R(λ˜0))
and Uˆ2 =
⋃
n≥0 fˆ
n(R(λˆ)). Here again, we compactify Uˆ1 by adding Jˆ2 and
Sˆ1, the circle of prime ends corresponding to the end on the right of λˆ. To
obtain the universal covering space, we add J˜2 and S˜1, the covering space of
Sˆ1, to U˜1. The map f˜|U˜1 extends continuously to the added lines and fixes
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every point of J˜2. We denote ρ1 the rotation numbers of f˜|S˜1 . Here again we
can define the set D˜1 of connected components of U˜1 ∩
(⋃
λ˜∈L˜1
λ˜
)
, noting
that every element δ˜ is a line of U˜1 that is contained in a line λ˜ ∈ L˜1,l.
If we want to repeat the arguments given in Section 3, we will meet a
problem. In Section 3, the lines of λ˜ ∈ L˜1 or λ˜ ∈ L˜2 were pairwise disjoint,
meaning that ≺ induces an order on these sets. This fact was very important
in the proof because it was necessary for applying Proposition 2.8. It is no
more the case here. Nevertheless, there is at most N lines T k0 (λ˜1), k ∈ Z,
that intersect λ˜1 and at most N lines T
k(λ˜2) that intersect λ˜2. In particular
if s is large enough, ≺ induces an order on the sets
L˜′1,l = {T
sk
0 (λ˜1), k ∈ Z} and L˜
′
2,l = {T
sk
0 (λ˜2), k ∈ Z}.
So we will have to work in the annulus S˜/T s0 instead of the annulus S˜/T0.
We define the set D˜′1 ⊂ D˜1 of connected components of U˜1∩
(⋃
k∈Z T
sk
0 (λ˜1)
)
.
Like in Section 3, it holds that
λ˜1 ∈ L˜
′
1,l, λ˜
′
1 ∈ L˜
′
1,l, k ∈ Z \ {0} ⇒ f˜
k(λ˜1) ∩ λ˜
′
1 = ∅,
δ˜1 ∈ D˜
′
1, δ˜
′
1 ∈ D˜
′
1, k ∈ Z \ {0} ⇒ f˜
k(δ˜1) ∩ δ˜
′
1 = ∅,
λ˜2 ∈ L˜
′
2,r, λ˜
′
2 ∈ L˜
′
2,r, k ∈ Z \ {0} ⇒ f˜
k(λ˜2) ∩ λ˜
′
2 = ∅.
Moreover, as a consequence of Lemma 4.1, there exists δ˜1 ∈ D˜
′
1 such that
f˜n0(δ˜1) ∩ λ˜2 6= ∅.
There is two cases to study: the case where ρ1 6= 0 and the case where
ρ1 = 0.
Case where ρ1 6= 0. It is the case where there is a boundary twist condition.
The rotation numbers in the new annulus are ρ1/s and 0. All the arguments
appearing in Section 3 are still valid. Setting ρ− = min(0, ρ1) and ρ+ =
max(0, ρ1) one gets that
ρ−(n0 + q) < sp < ρ+(n0 + q)⇒ f˜
2n0+q(δ˜1) ∩ T
sp
0 (λ˜2) 6= ∅.
Moreover, if
ρ−(n0 + q) < sp < sp
′ < ρ+(n0 + q),
then there exists a segment σ˜1 ⊂ δ˜1 ⊂ λ˜1 such that:
• f˜2n0+q(σ˜1) joins T
sp
0 (λ˜2) and T
sp′
0 (λ˜2);
• the interior of f˜2n0+q(σ˜1) is included in R(T
sp
0 (λ˜2)) ∩R(T
sp′
0 (λ˜2));
• f˜2n0+q(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0)).
Like in Section 3, we deduce that for every s ≥ 2, there exists ms ≥ 0
such that for every m ≥ ms, there exists λ˜
′
2 ∈ L˜2,r such that for every
0 < p < p′ ≤ s, there exists a segment σ˜1 ⊂ λ˜1 satisfying:
• f˜m(σ˜1) joins T
sp
0 (λ˜
′
2) and T
sp′
0 (λ˜
′
2);
• the interior of f˜m(σ˜1) is included in R(T
sp
0 (λ˜
′
2)) ∩R(T
sp′
0 (λ˜
′
2));
• f˜m(σ˜1) is included in L(λ˜0);
SURFACE HOMEOMORPHISMS WITH FINITELY MANY PERIODIC POINTS 27
Fix T1 ∈ G that sends λ˜1 onto λ˜0. Like in Section 3, we can prove that
for every m ≥ m5, there exists Tm ∈ G such that f˜
m ◦ T−1m has a fixed
point, where Tm can be written Tm = T
snm
0 ◦ T1. Choose a fixed point z˜m
of f˜m ◦ T−1m . It projects onto a fixed point zm ∈ S of f
m. Let us prove
that the period of zm tends to +∞ with m. Otherwise, there exists r ≥ 0
and an increasing sequence (ml)l≥0 such that zml has period r. So, there
exists Sl ∈ G such that f˜
r(z˜ml) = Sl(z˜ml). The map f˜ commutes with the
covering automorphisms. We deduce on one side that f˜ml(z˜ml) = Tml(z˜ml)
and on the other side that f˜ml(z˜ml) = S
ml/r
l (z˜ml) and so Tml = S
ml/r
l . Let
us explain why it is impossible if l is large enough. Note that
S
ml/r
l (λ˜1) = Tml(λ˜1) = T
snm
0 ◦ T1(λ˜1) = T
snm
0 (λ˜0) = λ˜0.
This implies that
S
ml/r
l (α(λ˜1)) = α(λ˜0) and S
ml/r
l (ω(λ˜1)) = ω(λ˜0).
One can find two disjoint segments σ˜α and σ˜ω of ∂S˜, the first one joining
α(λ˜1) to α(λ˜0), the second one joining ω(λ˜1) to ω(λ˜0). This implies that for
every 0 ≤ k ≤ ml/r it holds that S
k
l (α(λ˜1)) ∈ σα and S
k
l (ω(λ˜1)) ∈ σω. Let
σ˜ be a segment of S˜ that joins λ˜1 to λ˜2. The set of lifts of λˆ that meet σ˜ is
finite. Let N ′ be its cardinal. Suppose that ml/r ≥ 2N +N
′. There exists
0 < k < ml/r such that S
k
l (λ˜1) does not meet λ˜1 ∪ λ˜0 ∪ σ˜. Nevertheless one
of the end of Skl (λ˜1) is in the interior of σ˜α and the other one in the interior
of σ˜ω. We have a contradiction.
Case where ρ1 = 0. Here there is no boundary twist condition. The twist
condition is given by the existence of a periodic point which has a non zero
rotation number. The proof is inspired by arguments of Lellouch appearing
in his thesis [Lel].
Lemma 4.2. There exists an increasing sequence (np)p≥0 such that f˜
n(δ˜1)∩
T sp0 (λ˜2) 6= ∅ if n ≥ np.
Proof. Every lift of λˆ being a Brouwer line, it is sufficient to prove that
there exists np such that f˜
np(δ˜1) ∩ T
sp
0 (λ˜2) 6= ∅. Indeed, if n > np, then
f˜n(δ˜1) ∩ L(T
sp
0 (λ˜2)) 6= ∅ because
f˜n−np(f˜np(δ˜1)∩ T
sp
0 (λ˜2)) = f˜
n(δ˜1)∩ f˜
n−np(T sp0 (λ˜2)) ⊂ f˜
n(δ˜1)∩L(T
sp
0 (λ˜2)),
and it implies that f˜np(δ˜1) ∩ T
sp
0 (λ˜2) 6= ∅. By induction, it is sufficient to
prove that there exists n1 ≥ n0 such that f˜
n1(δ˜1) ∩ T
s
0 (λ˜2) 6= ∅.
The fact that f˜n0(δ˜1)∩ λ˜2 6= ∅ implies that there exists a half-line l˜1 ⊂ δ˜1
and a half-line l˜2 ⊂ λ˜2 such that f˜
n0(l˜1) and l˜2 intersect in a unique point
and such that f˜n0(l˜1)∪ l˜2 is a line l˜ of U˜1. For the same reason, there exists
a half-line l˜′1 ⊂ δ˜1 and a half-line l˜
′
2 ⊂ λ˜2 such that l˜
′
1 and f˜
−n0(l˜′2) intersect
in a unique point and such that l˜′1 ∪ f˜
−n0(l˜′2) is a line l˜
′ of U˜1. We can also
make a choice such that l˜1 ∩ l˜
′
1 is a half-line of δ˜1 and l˜2 ∩ l˜
′
2 a half-line of λ˜2
If m ≥ 0, then f˜m(l˜2) and f˜
m+n0(l˜2) are contained in L(λ˜2) and so
are disjoint from T s0 (l˜
′
1) and T
s
0 (l˜
′
2). We deduce that f˜
m(l˜2) ∩ T
s
0 (l˜
′) = ∅.
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Moreover f˜m(l˜1)∩T
s
0 (l˜
′
1) = ∅. So, to get Lemma 4.2, it is sufficient to prove
that there exists m > 0 such that f˜m(l˜) ∩ T s0 (l˜
′) 6= ∅.
We will argue by contradiction and suppose that f˜m(l˜) ∩ T s0 (l˜
′) = ∅ for
every m ≥ 0. We can orient l˜ and T s0 (l˜
′) such that L(l˜) ⊂ L(T s0 (l˜
′)). The
ends of l˜ and l˜′ (on S˜1 and J˜2) are the same. The fact that ρ1 = 0 implies
that for every m > 0, the ends of f˜m(l˜), which are the images by f˜m of
the ends of l˜, stay smaller than the ends of T s0 (l˜
′), which are the images
by T˜ s0 of the ends of l˜. So we have L(f˜
m(l˜)) ⊂ L(T s0 (l˜
′)). To get the
contradiction, just notice that if m is large enough, then f˜−m(z˜0) ∈ L(l˜)
and f˜m(z˜0) ∈ R(T
s
0 (l˜
′)). But we should have
f˜m(z˜0) = f˜
2m(f˜−m(z˜0)) ∈ L(f˜
2m(l˜)) ⊂ L(T s0 (l˜
′)).

Denote λ˜1 the element of L1,l that contains δ˜1. We deduce from Lemma
4.2 that, for every q ≥ 2, for every m ≥ nq and every 0 < p < p
′ ≤ q, there
exists a segment σ˜1 ⊂ λ˜1 satisfying:
• f˜m(σ˜1) joins T
sp
0 (λ˜2) and T
sp′
0 (λ˜2);
• the interior of f˜m(σ˜1) is included in R(T
sp
0 (λ˜2)) ∩R(T
sp′
0 (λ˜2));
• f˜m(σ˜1) is included in
⋃
k≤0 f˜
−k(L(λ˜0)).
Like in the proof of Proposition 3.5, and using the the fact that the T sp0 (λ˜2)
are Brouwer lines (or equivalently that [f ] is the identity map) we deduce
that, for every q ≥ 2, there exists mq ≥ nq such that for every m ≥ mq and
every 0 < p < p′ ≤ q, there exists a segment σ˜1 ⊂ λ˜1 satisfying:
• f˜m(σ˜1) joins T
sp
0 (λ˜2) and T
sp′
0 (λ˜2);
• the interior of f˜m(σ˜1) is included in R(T
sp
0 (λ˜2)) and in R(T
sp′
0 (λ˜2));
• f˜m(σ˜1) is included in L(λ˜0).
Finally, like in the proof of Proposition 3.6, we show that if T1 is the
unique covering automorphism such that
T1(λ˜1) = λ˜0 and T
3s
0 (λ˜2) ≺ T1(T
s
0 (λ˜1)) ≺ T
4s
0 (λ˜2),
then, for every m ≥ m5, the map f˜
m ◦ T−11 has a fixed point.
To conclude, choose a fixed point z˜m of f˜
m ◦T−11 . It projects onto a fixed
point zm ∈ S of f
m. Let us prove that the period of zm tends to +∞ with
m. Otherwise, there exist r ≥ 0 and an increasing sequence (ml)l≥0 such
that zml has period r. So, there exists Sl ∈ G such that f˜
r(z˜ml) = Sl(z˜ml).
One deduces that f˜ml(z˜ml) = S
ml/r
l (z˜ml) and so T1 = S
ml/r
l . In particular
Sl belongs to the centralizer of T . But it is well known that the centralizer
of T1 is a cyclic group. We have got a contradiction. 
5. The case of the torus
The goal of this section is to prove Theorem 1.2. The arguments that
follow are the ones appearing in [AT] but we need to verify that, up to
slight modifications, they are still valid when the area-preserving condition
is replaced with the non wandering condition.
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Let us consider M =
(
a b
c d
)
∈ SL(2,Z). There are three possibilities:
• M is hyperbolic, meaning that its eigenvalues have a modulus dif-
ferent from 1;
• M is conjugate in SL(2,Z) to
(
1 k
0 1
)
or to
(
−1 k
0 −1
)
, where k ∈
Z \ {0};
• M has finite order (and in that case its order is 1, 2, 3, 4 or 6).
The matrixM induces an orientation preserving automorphism [M ] of T2 by
the formula [M ](x, y) = (ax+by, cx+dy). We will denote Aut(T2) the group
of such automorphisms. Every orientation preserving homeomorphism f of
T2 is isotopic to a unique automorphism, that will be denoted [f ], as its
associated matrix.
Setting D =
(
1 1
0 1
)
, we have the following classification for an orienta-
tion homeomorphism f of T2 :
• [f ] is hyperbolic;
• there exists q ∈ {1, 2} and k ∈ Z \ {0} such that f q is conjugate to
a homeomorphism isotopic to [D]k;
• there exists q ∈ {1, 2, 3, 4, 6} such that f q is isotopic to the identity.
Let us recall now the definition of the rotation set of a homeomorphism
of T2 isotopic to the identity (see [MZ] or [S]). For every homeomorphism
f of T2, denote Mf the set of Borel probability measures invariant by f .
Suppose that f is isotopic to the identity. Every lift f˜ of f to R2 commutes
with the integer translations z˜ 7→ z + k, k ∈ Z2. So, the map f˜ − Id lifts
a continuous function ψf˜ : T
2 → R2. One can define the rotation vector
rotf˜ (µ) =
∫
T2
ψf˜ dµ ∈ R
2 of µ ∈ Mf , that measures the mean displacement
of f˜ . The rotation set rot(f˜) = {rotf˜ (µ) |µ ∈ Mf} is a non empty compact
convex subset of R2. Of course, it depends on the lift f˜ but if f˜ ′ = f˜ + k,
k ∈ Z2, is another lift, it holds that rot(f˜ ′) = rot(f˜)+k because ψf˜ ′ = ψf˜+k.
The following properties are very classical (the two first ones are due to
Franks [F2], [F3], the last one is an easy consequence of the characterization
of the ergodic measures as extremal points of Mf ).
(1) If p/q belongs to the interior of rot(f˜), where p ∈ Z2 and q ∈ N\{0},
then there exists z˜ ∈ R2 such that f˜ q(z˜) = z˜ + p.
(2) If p ∈ Z2 and q ∈ N\{0} are such that p/q = rotf˜ (µ), where µ ∈ Mf
is ergodic, then there exists z˜ ∈ R2 such that f˜ q(z˜) = z˜ + p.
(3) Every extremal point of rot(f˜) is the rotation vector of an ergodic
measure.
Let us recall now the definition of the vertical rotation set of a homeo-
morphism of T2 isotopic to a Dehn twist (see [A] or [Do]). Suppose that f is
isotopic to [D]k, where k 6= 0 and that fˆ is a lift of f to T×R. It commutes
with the vertical translation V : zˆ 7→ zˆ+ (0, 1). So, the map p2 ◦ fˆ − p2 lifts
a continuous function ψfˆ : T
2 → R. One can define the vertical rotation
number vrotfˆ (µ) =
∫
T2
ψfˆ dµ ∈ R of a measure µ ∈ Mf and the vertical
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rotation set vrot(fˆ) = {ρ(µ) |µ ∈ Mf}, which is a non empty segment of R.
Here again, it depends on the lift fˆ but if fˆ ′ = V k ◦ fˆ , k ∈ Z, is another lift,
we have vrot(fˆ ′) = vrot(fˆ) + k.
We will need the following properties, the first one being proved in [A]
and [Do], the second one in [AGT]:
(1) if p/q belongs to the interior of vrot(fˆ), where p ∈ Z and q ∈ N\{0},
there exists zˆ ∈ T× R such that fˆ q(zˆ) = V p(zˆ);
(2) if vrot(fˆ)) = {p/q}, where p ∈ Z and q ∈ N \ {0}, there exists a
compact connected essential set Kˆ ⊂ T× R invariant by fˆ q ◦ V −p.
Let f be an orientation preserving homeomorphim of T2. It is well known
that if [f ] is hyperbolic, then f has periodic points of period arbitrarily
large. So, Theorem 1.2 can be deduced from the two following results:
Proposition 5.1. Let f a non wandering homeomorphism of T2 isotopic
to [D]k, k 6= 0. Then:
• either f has periodic points of period arbitrarily large;
• or f has no periodic orbit and there exists δ ∈ T \Q/Z such that for
every lift fˆ of f to T×R, there exists δˆ ∈ R such that δˆ+Z = δ and
vrot(fˆ) = {δˆ}.
Proposition 5.2. Let f a non wandering homeomorphism of T2 isotopic
to the identity. Exactly one of the following assertions holds:
(1) f has periodic points of period arbitrarily large;
(2) If f˜ is a lift of f to R2, then rot(f˜) is a point or a segment that does
not meet Q2/Z2. In this case f has no periodic point.
(3) There exists an integer q ≥ 1 such that:
• the periodic points of f q are fixed;
• the fixed point set of f q is non empty and f q is isotopic to the
identity relative to it;
• the rotation set of the lift of f q that has fixed points is reduced
to 0 or is a segment with irrational slope that has zero as an
end point.
Proof of Proposition 5.1. Fix a lift fˆ of f to T×R. If vrot(fˆ) is not reduced
to a point, then for every rational number p/q ∈ int(vrot(fˆ)) there exists
zˆ ∈ T × R such that fˆ q(zˆ) = V p(zˆ). If p and q are chosen relatively prime,
then zˆ projects onto a periodic point of f of period q. Consequently, f has
periodic points of period arbitrarily large.
Suppose now that vrot(fˆ) is reduced to a rational number p/q. Replacing
f with f q and fˆ with V −p ◦ fˆ q, one can suppose that vrot(fˆ) = {0}. There
exists a compact connected essential set Kˆ ⊂ T × R that is invariant by fˆ .
Let µ be a Borel probability measure supported on Kˆ and invariant by fˆ . For
everym ∈ Z, the measure V m∗ (µ) is supported on V
m(Kˆ) and invariant by fˆ .
Fix a lift f˜ of fˆ to R2. For everym ∈ Z, one has rotf˜ (V
m
∗ (µ)) = rotf˜ (µ)+mk.
So, by Theorem 2.4 it holds that
• either, for every rational number p/q ∈ R, there exists a periodic
point zˆ of fˆ of period q and rotation number p/q for f˜ ;
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• or there exists an essential simple loop λˆ ∈ T×R such that fˆ(λˆ)∩λˆ =
∅.
Here again, in the first situation, if p and q are chosen relatively prime, zˆ
projects onto a periodic point of f of period q and so f has periodic points
of period arbitrarily large. Let us prove now that the second situation never
holds. Suppose that there exists an essential simple loop λˆ ∈ T × R such
that fˆ(λˆ)∩ λˆ = ∅. Then one can find a relatively compact wandering disk Uˆ .
The fact that every V m(Kˆ), m ∈ Z, is compact, essential and fˆ -invariant
implies that
⋃
k∈Z fˆ
k(Uˆ ) is relatively compact. This contradicts Proposition
2.3. 
Proof of Proposition 5.2. Fix a lift f˜ of f to R2. If rot(f˜) has non empty
interior, then f has periodic points of period arbitrarily large. Indeed, if
(p1/q, p2/q) belongs to the interior of rot(f˜), then there exists z˜ ∈ R
2 such
that f˜ q(z˜) = z˜ + (p1, p2). Moreover, if p1, p2 and q are chosen with no
common divisor, then z˜ projects onto a periodic point of f of period q.
Suppose now that rot(f˜) is a point or a segment that does not meet
Q2/Z2. Then f has no periodic point and (2) holds.
Suppose now that rot(f˜) meets Q2/Z2 in a unique point p/q. Either rot(f˜)
is reduced to p/q or is a segment with irrational slope. It has been proven
in [LT1] that p/q is an end point of rot(f˜) in this last case. In particular in
both cases, f˜ q − p has at least one fixed point, because p/q is the rotation
vector of an ergodic measure. Note that every periodic point of f q is lifted
to a periodic point of f˜ q − p, meaning it is contractible. Using [Lec2], one
deduces that:
• either f has periodic points of arbitrarily large period;
• or the periodic points of f q are all fixed and lifted to fixed points of
f˜ q − p, moreover f q is isotopic to the identity relative to its fixed
point set.
It remains to study the case where rot(f˜) is a non trivial segment with
rational slope that intersects Q2/Z2. Replacing f with f q and f˜ with f˜ q−p,
where p/q ∈ rot(f˜), one can suppose that 0 ∈ rot(f˜). The linear line con-
taining rot(f˜) is generated by p′ ∈ Z2 \ {0} and invariant by the translation
T : z 7→ z + p′. Let fˆ be the homeomorphism of the annulus Ap′ = R
2/T
lifted by f˜ . A result of Da´valos [Da] tells us that the orbits of fˆ are uniformly
bounded, or equivalently that there exists a compact connected essential set
Kˆ ⊂ Ap′ invariant by fˆ . The rotation set of f˜ being non trivial, one can
find two compactly supported ergodic measures of fˆ with different rotation
numbers (for f˜). Like in the proof of Proposition 5.1, we can prove that for
every essential simple loop λˆ ∈ Ap′ it holds that fˆ(λˆ)∩ λˆ 6= ∅ and then that
f has periodic point of arbitrarily large periods. 
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